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A RECONSTRUCTION THEOREM FOR CONNES–LANDI
DEFORMATIONS OF COMMUTATIVE SPECTRAL TRIPLES
BRANIMIR ĆAĆIĆ
Dedicated to Marc Rieffel on the occasion of his 75th birthday
Abstract. We formulate and prove an extension of Connes’s reconstruction
theorem for commutative spectral triples to so-called Connes–Landi or isospec-
tral deformations of commutative spectral triples along the action of a com-
pact Abelian Lie group G, also known as toric noncommutative manifolds. In
particular, we propose an abstract definition for such spectral triples, where
noncommutativity is entirely governed by a deformation parameter sitting in
the second group cohomology of the Pontrjagin dual of G, and then show
that such spectral triples are well-behaved under further Connes–Landi de-
formation, thereby allowing for both quantisation from and dequantisation to
G-equivariant abstract commutative spectral triples. We then use a refinement
of the Connes–Dubois-Violette splitting homomorphism to conclude that suit-
able Connes–Landi deformations of commutative spectral triples by a rational
deformation parameter are almost-commutative in the general, topologically
non-trivial sense.
1. Introduction
Just as the 2-torus can be deformed along its translation action on itself to
obtain the noncommutative 2-tori, whether as C∗-algebras, Fréchet pre-C∗-algebras,
or spectral triples, so too can more general smooth manifolds be deformed along
an action of an Abelian Lie group to yield noncommutative C∗-algebras, Fréchet
pre-C∗-algebras, or spectral triples. In the case of C∗-algebras or Fréchet pre-
C∗-algebras, this process is Rieffel’s strict deformation quantisation [40], whilst
in the case of spectral triples and compact Abelian Lie groups, this process is
Connes and Landi’s isospectral deformation [16], which, following Yamashita [49],
we call Connes–Landi deformation. In fact, as was first observed by Sitarz [44]
and Várilly [47], Connes–Landi deformation can be viewed as none other than the
adaptation to spectral triples of strict deformation quantisation along the action of
a compact Abelian Lie group.
In this paper, we formulate and prove an extension of Connes’s reconstruction
theorem for commutative spectral triples [14] to spectral triples that, a posteriori,
are Connes–Landi deformations along the action of a compact Abelian Lie group
G of spectral triples of the form (C∞(X), L2(X,E), D), where X is a compact
oriented Riemannian G-manifold and D is a G-invariant essentially self-adjoint
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Dirac-type operator on a G-equivariant Hermitian vector bundle E → X , i.e., toric
noncommutative manifolds. More precisely, we propose a suitable abstract defini-
tion of θ-commutative spectral triples, which closely resembles Connes’s abstract
definition of commutative spectral triple [13, 14] except for the specification of de-
formation parameter θ in the second group cohomology H2(Ĝ,T) of the Pontrjagin
dual Ĝ of G, which completely governs the failure of commutativity; in particular,
0-commutative spectral triples are just G-equivariant abstract commutative spec-
tral triples. Then, we show that the Connes–Landi deformation of a θ-commutative
spectral triple by θ′ ∈ H2(Ĝ,T) is itself (θ + θ′)-commutative, thereby facilitating
both quantisation from and dequantisation to G-equivariant commutative spectral
triples, to which we can apply Connes’s result.
In addition to extending Connes’s reconstruction theorem, we also clarify a num-
ber of aspects of the general theory of Connes–Landi deformation. In particular,
we use a refinement of the Connes–Dubois-Violette splitting homomorphism [15] to
show that for θ ∈ H2(Ĝ,T) rational, viz, of finite order in the group H2(Ĝ,T), suffi-
ciently well-behaved θ-commutative spectral triples are almost-commutative in the
general, topologically non-trivial sense proposed by the author [9, 10] and studied
by Boeijink and Van Suijlekom [6] and by Boeijink and Van den Dungen [5]. This
generalises the now-folkloric example of rational noncommutative 2-tori [23].
We begin in §2 by reviewing Rieffel’s theory of strict deformation quantisation of
Fréchet pre-C∗-algebras in the case of the action of a compact Abelian Lie group [40,
pp. 19-22]. In particular, we give a detailed, constructive account of the deformation
of G-equivariant finitely generated projective modules over G-equivariant Fréchet
pre-C∗-algebras, generalising existing results on the deformation of G-equivariant
vector bundles over G-manifolds [7, 15]. In fact, we obtain an explicit formula for
the projection onto the deformation of a G-equivariant finitely generated projective
module corresponding to a given G-invariant projection onto the original module,
generalising the concrete examples studied by Connes and Landi [16, §§II–III] and
by Landi and Van Suijlekom [28].
Next, in §3, we recall the general theory of Connes–Landi deformations or
isospectral deformations, first defined by Connes and Landi for T2-actions on con-
crete commutative spectral triples [16] and then extended by Yamashita to arbitrary
T2-equivariant spectral triples [49]. As Sitarz [44] and Várilly [47] first showed, this
amounts to a simultaneous strict deformation quantisation of the algebra A of a
G-equivariant spectral triple (A, H,D) and of its G-equivariant representation on
the Hilbert space H . In particular, we clarify the role of the group H2(Ĝ,T) in
parametrizing Connes–Landi deformations of a fixed G-equivariant spectral triple
up to G-equivariant unitary equivalence, and then completely generalise the iso-
morphisms amongst the Morita–Rieffel equivalences of smooth noncommutative n-
tori parametrized by the densely-defined SO(n, n|Z)-action on the universal cover
Skew(n,R) ∼= Rn(n−1)/2 of H2(Zn,T) ∼= Tn(n−1)/2, as introduced by Rieffel and
Schwarz [42] and studied by Elliott and Li [18].
At last, in §4, we formulate and prove our extension of Connes’s reconstruction
theorem for commutative spectral triples [14, Theorem 1.1] to Connes–Landi de-
formations of G-equivariant commutative spectral triples. First, by analogy with
Connes’s abstract definition of commutative spectral triple [13, 14], we propose an
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abstract definition of spectral triples that, a posteriori, will be Connes–Landi de-
formations of G-equivariant concrete commutative spectral triples, where noncom-
mutativity is entirely governed by a deformation parameter θ ∈ H2(Ĝ,T) through
its associated alternating bicharacter ι(θ) ∈ Hom(∧2Ĝ,T).
Definition 1.1. Let (A, H,D) be a G-equivariant regular spectral triple, let θ ∈
H2(Ĝ,T), and let p ∈ N. We shall call (A, H,D) a p-dimensional θ-commutative
spectral triple if the following conditions all hold:
(0) Order zero: The algebra A is θ-commutative, viz,
∀x,y ∈ Ĝ, ∀ax ∈ Ax, ∀by ∈ Ay, byax = e(ι(θ)(x,y)) axby,
so that the G-equivariant ∗-representation L : A → B(H) of A can be
deformed to a G-equivariant ∗-homomorphism R : Aop → B(H), such that
for all a, b ∈ A, [L(a), R(b)] = 0.
(1) Dimension: The eigenvalues {λn}n∈N of (D
2 + 1)−1/2, counted with multi-
plicity and arranged in decreasing order, satisfy λn = O(n−1/p) as n→ +∞.
(2) Order one: For all a, b ∈ A, [[D,L(a)], R(b)] = 0.
(3) Orientability: Define εθ : A⊗(p+1) → A⊗(p+1) by
εθ(a0 ⊗ a1 ⊗ · · · ⊗ ap)
:=
1
p!
∑
pi∈Sp
exp
2πi∑
i<j
pi(i)>pi(j)
ι(θ)(xpi(i),xpi(j))
 (−1)pia0 ⊗ api(1) ⊗ · · · ⊗ api(p)
for isotypic elements a0 ∈ Ax0 , . . . , ap ∈ Axp ofA, and say that c ∈ A
⊗(p+1)
is θ-antisymmetric if εθ(c) = c. Define πD : A⊗(p+1) → B(H) by
∀a0, a1, . . . , ap ∈ A, πD(a0 ⊗ a1 ⊗ · · · ⊗ ap) := L(a0)[D,L(a1)] · · · [D,L(ap)].
There exists a G-invariant θ-antisymmetric c ∈ A⊗(p+1), such that χ :=
πD(c) is a self-adjoint unitary, satisfying
∀a ∈ A, L(a)χ = χL(a), [D,L(a)]χ = (−1)p+1χ[D,L(a)].
(4) Finiteness and absolute continuity: The subspace H∞ := ∩k Dom|D|
k de-
fines a G-equivariant finitely-generated projective right A-module admit-
ting a G-equivariant Hermitian metric ( · , · ), such that
∀ξ, η ∈ H∞ 〈ξ, η〉 = Trω
(
R ((ξ, η)) (D2 + 1)−p/2
)
,
where Trω is a fixed Dixmier trace.
(5) Strong regularity: For all T ∈ EndAop(H∞), T ∈ ∩k Dom([|D|, ·]k).
Observe, in particular, that a 0-commutative spectral triple is precisely a G-equivar-
iant abstract commutative spectral triple.
Our main result is actually the following, which both guarantees that Connes–
Landi deformations ofG-equivariant commutative spectral triples do, indeed, satisfy
our proposed abstract definition, and yields the promised extension of Connes’s
reconstruction theorem by facilitating dequantisation of such spectral triples to
commutative spectral triples.
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Theorem 1.2. Let (A, H,D) be a p-dimensional θ-commutative spectral triple and
let θ′ ∈ H2(Ĝ,T). Then the Connes–Landi deformation (Aθ, H,D) of (A, H,D) by
θ′ defines a p-dimensional (θ + θ′)-commutative spectral triple.
This result, whose statement and proof require only our abstract definition and
the general machinery of strict deformation quantisation and Connes–Landi defor-
mation recalled in §§2–3, yields an abstract generalisation of the seminal results of
Connes and Landi [16, Theorem 6] and of Connes and Dubois-Violette [15, Theorem
9] on deformations of concrete, viz, explicitly differential-geometric, commutative
spectral triples along torus actions.
Now, if (A, H,D) is θ-commutative, then (A−θ, H,D) is 0-commutative and
hence commutative simpliciter by Theorem 1.2. Thus, Connes’s reconstruction
theorem for commutative spectral triples and Theorem 1.2 immediately yield our
extension of the reconstruction theorem.
Theorem 1.3. Let (A, H,D) be a p-dimensional θ-commutative spectral triple.
There exist a compact p-dimensional oriented Riemannian G-manifold X, a G-
equivariant Hermitian vector bundle E → X, and a G-invariant essentially self-
adjoint Dirac-type operator DE on E such that
(A, H,D) ∼= (C∞(X)θ, L
2(X,E), DE).
Finally, in §5, we study the structure of rational Connes–Landi deformations, viz,
Connes–Landi deformations by θ ∈ H2(Ĝ,T) of finite order—if G = T2, then θ ∈
H2(Z2,T) ∼= R/Z is rational if and only if θ ∈ Q/Z. We begin by formulating and
proving a refinement of Connes and Dubois-Violette’s splitting homomorphism [15,
Theorem 6] that allows us to effect Connes–Landi deformation by θ ∈ H2(Ĝ,T)
using only the subgroup Im θ := {ι(θ)(x, ·) | x ∈ Ĝ} of G, which is finite if and
only if θ has finite order. Then, we use our extended reconstruction theorem and
our refined splitting homomorphism to conclude that for θ ∈ H2(Ĝ,T) of finite
order, any θ-commutative spectral triple is almost-commutative, in the general,
topologically non-trivial sense first proposed by the author [9, 10] and studied by
Boeijink and Van Suijlekom [6] and by Boeijink and Van den Dungen [5], whenever
the finite group Im θ acts freely and properly on the underlying manifold. This last
result not only recovers Høegh-Krohn and Skjelbred’s now-folkloric characterisation
of rational noncommutative 2-tori [23], but also has immediate implications for the
computation of the spectral action on rational θ-commutative spectral triples.
An extremely preliminary version of some results appeared in the author’s doc-
toral dissertation [11, Chapter 7], which is now completely superseded by this paper.
2. Strict deformation quantisation
2.1. Group-theoretic preliminaries. We begin our review of strict deformation
quantisation by fixing notation related to compact Abelian Lie groups and their
Pontrjagin duals, and then recalling basic facts about the second group cohomology
of discrete Abelian groups.
First, let us denote the additive and multiplicative avatars of the circle group by
T := R/Z and U(1) := {ζ ∈ C | |ζ| = 1}, respectively, which are isomorphic via the
complex exponential e : T
∼
→ U(1) defined by e(t) := e2piit. For N ∈ N, we denote
the flat N -torus RN/ZN by TN , so that exp : RN = Lie(TN ) → TN = RN/ZN
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is the quotient map; unless stated otherwise, TN will be endowed with the flat
Riemannian metric induced by the standard inner product on RN .
Next, let G be a compact Abelian Lie group with Lie algebra g := Lie(G). Fix
a bi-invariant Riemannian metric g on G, let 〈 · , · 〉 := g0(·, ·) denote the induced
real inner product on g = T0G, and define the Casimir element ΩG ∈ S2g for G by
ΩG := −
∑N
k=1 vk ⊗ vk, where {v1, . . . , vN} is any orthonormal basis of g.
Now, let Ĝ := Homcts(G,T) = HomC∞(G,T) denote the Pontrjagin dual of
G, which, therefore, is a finitely-generated discrete Abelian group; by abuse of
notation, let 〈 · , · 〉 : Ĝ × G → T denote the pairing of Ĝ with G. Observe that
for any x ∈ Ĝ, its differential x∗ : g = Lie(G) → Lie(T) = R defines an element of
g
∗ ∼= g, satisfying 〈x, exp(v)〉 = exp(〈x∗, v〉) for all v ∈ g. The assignment x 7→ x∗
defines a homomorphism Ĝ → g∗ ∼= g, allowing us, in turn, to define a length
| · | : Ĝ→ [0,+∞) on the discrete group Ĝ by |x| :=
√
〈x∗,x∗〉; one can then check
that Ĝ has rapid decay and polynomial growth of order dim g with respect to | · |.
Finally, let us recall some pertinent facts about the second group cohomology of
discrete Abelian groups, which we will later apply to Ĝ. Let Γ be a discrete Abelian
group. For future convenience, let B(Γ) := Hom(Γ⊗2,T) denote the Abelian group
of all T-valued bicharacters on Γ, let S(Γ) := {Θ ∈ B(Γ) | ∀x,y ∈ Γ, Θ(y,x) =
Θ(x,y)} denote the subgroup of all symmetric bicharacters, and let A(Γ) := {Θ ∈
B(Γ) | ∀x ∈ Γ, Θ(x,x) = 0} denote the subgroup of alternating bicharacters.
Recall that a multiplier or 2-cocycle on Γ is a map M : Γ × Γ → T, satisfying
M(x,y + z) + M(y, z) = M(x,y) + M(x + y, z) for all x, y, and z ∈ Γ, and
M(x,0) =M(0,x) = 0 for all x ∈ Γ, and let Z2(Γ,T) denote the Abelian group of
all multipliers on Γ together with pointwise addition; observe, in particular, that
B(Γ) ≤ Z2(Γ,T). Observe, moreover, that Z2(Γ,T) admits the involutionM 7→M t
defined byM t(x,y) :=M(y,x) for all x, y ∈ Γ. If T : Γ→ T is a function such that
T (0) = 0, define the 2-coboundary dT ∈ Z2(Γ,T) by setting dT (x,y) := T (x) +
T (y)− T (x+ y) for all x, y ∈ Γ, and let B2(Γ,T) ≤ Z2(Γ,T) denote the subgroup
of all coboundaries in Z2(Γ,T). At last, the second group cohomology of Γ (with
coefficients in T) is defined to be the Abelian group H2(Γ,T) := Z2(Γ,T)/B2(Γ,T);
in particular, we callM1, M2 ∈ Z2(Γ,T) cohomologous if and only if [M1] = [M2] ∈
H2(Γ,T), if and only if M1 −M2 ∈ B2(Γ,T). Actual computations, however, will
depend on the following extremely useful result.
Theorem 2.1 (Kleppner [27, §7]). Let Γ be a discrete Abelian group. Then
B2(Γ,T) = {M ∈ Z2(Γ,T) | M t = M}, so that the antisymmetrization opera-
tion Z2(Γ,T) → A(Γ) defined by M 7→ M − M t descends to an isomorphism
ι : H2(Γ,T)
∼
→ A(Γ). Moreover, every 2-cocycle M ∈ Z2(Γ,T) is cohomologous to
a bicharacter Θ ∈ B(Γ), yielding a natural isomorphism H2(Γ,T) ∼= B(Γ)/S(Γ).
Remark 2.2. The full statement of Kleppner’s result, which applies to much larger
class of locally compact Abelian topological groups, only yields injectivity of the
map ι. However, in the case of discrete Abelian groups, Moore group cohomology
coincides with ordinary group cohomology with coefficients in the trivial Γ-module
T, so that ι is indeed surjective [24, Proof of Theorem 2].
Remark 2.3. If M ∈ Z2(Γ,T), then [M t] = −[M ]. Hence, if θ ∈ H2(Γ,T), then
[ι(θ)] = 2θ.
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Example 2.4. Consider ZN = T̂N . Since A(ZN ) ∼= TN(N−1)/2 it follows that
ι : H2(ZN ,T)
∼
→ A(ZN ) ∼= TN(N−1)/2 Indeed, if θ ∈ H2(ZN ,T), and if θij :=
ι(θ)(ei, ej) for {ei} the standard ordered basis of RN , then
∀x, y ∈ Γ, ι(θ)(x,y) =
∑
1≤i<j≤N
θij(xiyj − xjyi),
so that the image of θ in TN(N−1)/2 is the N(N−1)2 -tuple (θij)1≤i<j≤N .
Now, in the operator-algebraic and noncommutative-geometric literature, one
finds the following constructions of bicharacter representatives for θ ∈ H2(ZN ,T).
(1) Define Θ ∈ B(ZN ) by Θ(x,y) :=
∑
1≤i<j≤N θijxiyj .
(2) Define Θ ∈ B(ZN ) by Θ(x,y) :=
∑
1≤i<j≤N −θijxjyi.
(3) Choose (12θij)1≤i<j≤N ∈ T
N(N−1)/2 such that (θij) = 2(12θij), and define
Θ ∈ A(ZN ) by Θ(x,y) :=
∑
1≤i<j≤N
1
2θij(xiyj − xjyi).
The first two constructions define right splittings of the short exact sequence
0→ S(ZN ) →֒ B(ZN )։ H2(ZN ,T)→ 0
of Abelian groups, whilst the third does not. Nonetheless, since alternating bichar-
acter representatives yield considerable algebraic simplifications in the context of
strict deformation quantisation, the third construction is frequently used in the
operator-algebraic literature.
2.2. Peter–Weyl theory for G-equivariant Fréchet ∗-algebras and modules.
Fix a compact Abelian Lie group G. We simplify our later discussion of strict
deformation quantisation and Connes–Landi deformation by reviewing the Peter–
Weyl theory of G-equivariant Fréchet ∗-algebras (cf. [1, §4]) and G-equivariant
Fréchet modules over such algebras. We begin by fixing terminology and notation.
Definition 2.5. A Fréchet ∗-algebra is a Fréchet space A endowed with the struc-
ture of a ∗-algebra, such that the multiplication A × A → A and the involution
∗ : A → A are continuous. In particular, a Fréchet pre-C∗-algebra is a Fréchet
∗-algebra A endowed with a continuous injective ∗-homomorphism A →֒ A into
a C∗-algebra A, such that the image of A in A is dense and is closed under the
holomorphic functional calculus.
Remark 2.6. We consider only unital Fréchet ∗-algebras.
Definition 2.7. A Fréchet G-∗-algebra is a pair (A, α), where A is a unital Fréchet
∗-algebra and α : G→ Aut(A) is an action of G on A by isometric ∗-automorphisms
that is strongly smooth, in the sense that t 7→ αt(a) is smooth for each a ∈ A. If A
admits a G-equivariant continuous injective ∗-homomorphism A →֒ A into a unital
G-C∗-algebra, such that the image of A in A is dense, G-invariant, and closed under
the holomorphic functional calculus, then we call (A, α) a Fréchet pre-G-C∗-algebra.
Example 2.8. Let X be a compact G-manifold with G-action σ : G 7→ Diff(X),
and define α : G → Aut(C∞(X)) by setting αtf := f ◦ σ−t for all f ∈ C∞(X),
t ∈ G. Then (C∞(X), α) is a Fréchet pre-G-C∗-algebra with C∗-completion C(X).
Example 2.9. The rapid decay algebra
S(Ĝ) :=
{
f : Ĝ→ C
∣∣∣∣∣ ∀k ∈ N, ‖f‖k := sup
x∈Ĝ
(1 + 4π2|x|
2
)k|f(x)| < +∞
}
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of the discrete group Ĝ with respect to the length | · |, endowed with the seminorms
{‖ · ‖k}k∈N, the convolution product, ∗-operation, and G-action defined by
∀f, g ∈ S(Ĝ), ∀x ∈ Ĝ, (f ⋆ g)(x) :=
∑
y∈Ĝ
f(x− y)g(y), f∗(x) := f(−x),
∀t ∈ G, ∀f ∈ S(Ĝ), ∀x ∈ Ĝ, α̂t(f)(x) := e(〈x, t〉) f(x),
is a Fréchet pre-G-C∗-algebra with C∗-completion C∗(Ĝ) = C∗r (Ĝ).
For the remainder of this subsection, let A be a fixed Fréchet G-∗-algebra A with
G-action α : G→ Aut(A), and let {‖ · ‖k}k∈N be its defining family of seminorms.
Our main goal is to consistently decompose elements of A into rapidly decaying
Fourier series of eigenvectors for the G-action.
First, let us enrich the Fréchet topology on A in order to facilitate discussion of
the convergence of Fourier series. Since the action α of G on A is strongly smooth,
it induces an action α∗ : g→ Der(A) of g on A by continuous ∗-derivations, where
(2.1) ∀X ∈ g, ∀a ∈ A, (α∗)X (a) := lims→0
1
s
(
αexp(sX)(a)− a
)
.
In fact, since g is Abelian, α∗ extends to an representation Sg → B(A) of the
symmetric tensor algebra Sg on A by continuous C-linear operators, so that the
Casimir element ΩG ∈ S2g of G acts as the continuous C-linear operator ∆G :=
(α∗)ΩG . We now use ∆G to define additional seminorms {‖ · ‖j,k}j,k∈N on A by
(2.2) ∀j, k ∈ N, ∀a ∈ A, ‖a‖j,k := ‖(1 + ∆G)
ja‖k;
since the G-action on A was assumed to be strongly smooth and isometric, A
remains complete in these additional seminorms.
Definition 2.10 (Yamashita [49, pp. 255–6]). Let (A, α) be a Fréchet G-∗-algebra.
Then (A∞, α) is the Fréchet-G-∗-algebra defined by A endowed with the larger set
of seminorms {‖ · ‖j,k}j,k∈N and the same G-action α.
Next, let us decompose A into eigenspaces or isotypic subspaces for the G-action.
For each x ∈ Ĝ, the x-isotypic subspace of A is defined to be the closed subspace
(2.3) Ax := {a ∈ A | ∀t ∈ G, αt(a) = e(〈x, t〉) a} ⊂ A.
The isotypic subspaces of A are linearly independent and satisfy AxAy ⊆ Ax+y
and A∗x = A−x for all x, y ∈ Ĝ, and their algebraic direct sum ⊕
alg
x∈Ĝ
Ax is dense
in A by the Peter–Weyl theorem for topological vector spaces [8, Theorem 5.7].
Remark 2.11. This Ĝ-grading of A could be interpreted as a “Fréchet ∗-algebraic
bundle” or “smooth Fell bundle” {Ax}x∈Ĝ → Ĝ over Ĝ (cf. [19; 20, Chapter VIII]).
Example 2.12. For each x ∈ Ĝ, C∞(G)x = CUx, where Ux := e ◦ x : G → U(1);
in particular, if f ∈ C∞(G)x, then
f =
(ˆ
G
U∗x(t)f(t) dt
)
Ux =
(ˆ
G
e(−〈x, t〉) f(t) dt
)
Ux.
We can define projection maps onto the isotypic subspaces as follows. For each
x ∈ Ĝ, define a linear contraction Fx : A։ Ax by
(2.4) ∀a ∈ A, Fx(a) :=
ˆ
G
e(−〈x, t〉)αt(a) dt,
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where dt denotes the normalised Haar measure on G; in particular, F0 is the canon-
ical conditional expectation A ։ A0 = AG. The maps Fx satisfy FxFy = δx,yFy
for all x, y ∈ Ĝ, and so define mutually orthogonal projections onto the isotypic
subspaces, which piece together to define the Fourier transform on A.
Definition 2.13. We define a section of A to be a function s : Ĝ → A such that
s(x) ∈ Ax for all x ∈ Ĝ. In particular, we define the Fourier transform of a ∈ A
to be the section aˆ of A constructed as follows:
(2.5) ∀x ∈ Ĝ, â(x) := Fx(a) =
ˆ
G
e(−〈x, t〉)αt(a) dt.
Remark 2.14. A section of A can be interpreted as a section of the “smooth Fell
bundle” {Ax}x∈Ĝ → Ĝ over Ĝ.
Finally, let us identify the range of the Fourier transform on A, which will allow
us to perform all computations in A in terms of rapidly decaying Fourier series. Let
us call a section s of A rapidly decaying if it satisfies
(2.6) ∀k, l ∈ N, ‖s‖k,l := sup
x∈Ĝ
(1 + 4π2|x|
2
)k‖s(x)‖l < +∞.
The C-vector space S(Ĝ;A) of all rapidly decaying sections of A defines a unital
∗-algebra via the convolution product and ∗-operation
∀s1, s2 ∈ S(Ĝ;A), ∀x ∈ Ĝ, s1 ⋆ s2(x) :=
∑
y∈Ĝ
s1(x− y)s2(y), s
∗(x) := s(−x)∗,
where absolute convergence of each s1s2(x) is guaranteed by the rapid decay of s1
and s2. Since the isotypic subspaces of A are closed, the standard proof that S(Ĝ)
is a Fréchet pre-C∗-algebra (cf. [25]), mutatis mutandis, together with the fact that
the Ax are closed, implies that S(Ĝ), in fact, defines a Fréchet ∗-algebra.
Proposition 2.15. The unital ∗-algebra S(Ĝ;A), endowed with the seminorms
‖ · ‖k,l defined by Equation 2.6 and the G-action αˆ defined by
∀t ∈ G, ∀s ∈ S(Ĝ;A), ∀x ∈ Ĝ, αˆt(s)(x) := e(〈x, t〉) s(x).
is a Fréchet G-∗-algebra.
Remark 2.16. If the FréchetG-∗-algebraA is viewed as a “smooth Fell bundle,” then
S(Ĝ;A) can be viewed as its “smooth cross-sectional algebra” (cf. [20, §viii.5]).
Example 2.17. As we have already seen, C∞(G)x = CUx for each x ∈ Ĝ, where
Ux := e ◦ x : G → U(1) is unitary. Hence, the map (axUx)x∈Ĝ 7→ (ax)x∈Ĝ defines
a canonical isomorphism S(Ĝ;C∞(G))
∼
→ S(Ĝ). Thus, S(Ĝ;A), in general, can be
interpreted as the rapid decay algebra of Ĝ with coefficients in A.
We now show that S(Ĝ;A) is the range of the Fourier transform on A, which,
therefore, defines a G-equivariant ∗-isomorphism A∞ → S(Ĝ;A).
Proposition 2.18. Let A be a Fréchet G-∗-algebra. The Fourier transform a 7→ aˆ
yields a G-equivariant topological ∗-isomorphism F : A∞ → S(Ĝ;A). Moreover,
F−1 : s 7→ sˇ :=
∑
x∈Ĝ s(x) with absolute convergence in A.
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Example 2.19. By Examples 2.12 and 2.17, the composition of the Fourier trans-
form F : C∞(G)
∼
→ S(Ĝ;C∞(G)) with the canonical isomorphism S(Ĝ;C∞(G))
∼
→
S(Ĝ) is precisely the usual Fourier transform C∞(G)
∼
→ S(Ĝ).
Proof of Proposition 2.18. On the one hand, since [49, Proof of Lemma 1]
∀a ∈ A, x ∈ Ĝ F (∆Ga)(x) = 4π
2|x|2â(x),
and since each Fx is contractive, it follows that
∀a ∈ A, ∀k, l ∈ N, sup
x∈Ĝ
(1 + 4π2|x|2)k‖â(x)‖l ≤ ‖(1 + ∆G)
ka‖l = ‖a‖k,l
and hence that F : A → S(Ĝ;A) is well-defined and continuous; it is easy to check,
then, that F is a G-equivariant ∗-homomorphism.
On the other hand, if K := ⌈N2 ⌉, then for all s ∈ S(Ĝ;A),
∀l ∈ N,
∑
x∈Ĝ
‖s(x)‖l ≤
∑
x∈Ĝ
(1 + 4π2|x|
2
)−K sup
y∈Ĝ
(1 + 4π2|y|
2
)K‖s(y)‖l <∞,
so that sˇ is absolutely convergent in A, and hence s 7→ sˇ yields a well-defined
map E : S(Ĝ;A) → A; it is easy to check, then, that E is a G-equivariant ∗-
homomorphism such that E ◦ F = Id and F ◦ E = Id, so that by the bounded
inverse theorem for Fréchet spaces, E = F−1 is continuous and F , indeed, defines
a G-equivariant topological ∗-isomorphism. 
As a consequence of this machinery, we can freely write
(2.7) ∀a, b ∈ A, ab =
∑
x,y∈Ĝ
aˆ(x− y)bˆ(y), a∗ =
∑
x∈Ĝ
aˆ(−x)∗,
with absolute convergence in A.
Finally, let us sketch the analogous Peter–Weyl theory for G-equivariant Fréchet
modules. Once more, let us begin by fixing terminology and notation.
Definition 2.20. Let A be a Fréchet ∗-algebra. A (right) Fréchet A-module is a
Fréchet space E together with the algebraic structure of right A-module, such that
the right A-module structure E ×A → E , (ξ, a) 7→ ξ⊳a is continuous. In particular,
a Hermitian Fréchet A-module is a Fréchet A-module E endowed with a Hermitian
metric, viz, a continuous map ( · , · ) : E ×E → A satisfying the following properties:
(1) For all ξ, η1, η2 ∈ E , a1, a2 ∈ A, (ξ, a1⊳ η1+ a2⊳ η2) = (ξ, η1)a1+(ξ, η2)a2.
(2) For all ξ, η ∈ E , (η, ξ) = (ξ, η)∗.
(3) For all ξ ∈ E , (ξ, ξ) ≥ 0; moreover, (ξ, ξ) = 0 if and only if ξ = 0.
Definition 2.21. Let (A, α) be a Fréchet G-∗-algebra. A Fréchet G-A-module is
a Fréchet A-module E , together with a smooth, isometric action U : G→ B(E) of
G on E by continuous C-linear operators, such that
∀ξ ∈ E , ∀a ∈ A, ∀t ∈ G, Ut(ξ ⊳ a) = (Utξ)⊳ αt(a).
In particular, a Hermitian Fréchet G-A-module is Fréchet G-A-module E together
with a Hermitian metric ( · , · ) : E × E → A, such that
∀ξ, η ∈ E , ∀t ∈ G, (Utξ, Utη) = αt ((ξ, η)) .
Example 2.22. LetX be a compact G-manifold and let E → X be aG-equivariant
Hermitian vector bundle. Then the Fréchet space C∞(X,E) of smooth global
sections of E defines a Hermitian Fréchet G-C∞(X)-module.
10 BRANIMIR ĆAĆIĆ
Again, we are free to enrich the Fréchet topology on a Fréchet G-A-module E
with the additional seminorms defined by Equation 2.6, mutatis mutandis, so that
E remains a Fréchet G-A∞-module.
Now, just as in the case of Fréchet G-∗-algebras, a (Hermitian) Fréchet G-A-
module E admits a Peter–Weyl decomposition into isotypic components, so that
one can define a (Hermitian) Fréchet G-S(Ĝ;A)-module S(Ĝ, E) by
S(Ĝ, E) :=
{
s : Ĝ→ E
∣∣∣∣∣
{
∀x ∈ Ĝ, s(x) ∈ Ex,
∀j, k ∈ N, sup
x∈Ĝ(1 + 4π
2|x|
2
)j‖s(x)‖k < +∞
}
,
endowed with the seminorms, right S(Ĝ;A)-module structure, and G-action
∀j, k ∈ N, ∀s ∈ S(Ĝ, E), ‖s‖j,k := sup
x∈Ĝ
(1 + 4π2|x|
2
)j‖s(x)‖k,
∀s ∈ S(Ĝ; E), ∀aˆ ∈ S(Ĝ;A), ∀x ∈ Ĝ, (s⊳ aˆ) (x) :=
∑
y∈Ĝ
s(x− y) ⊳ aˆ(y),
∀t ∈ G, ∀s ∈ S(Ĝ; E), ∀x ∈ Ĝ,
(
Uˆts
)
(x) := e(〈x, t〉)Uts(x),
and, if E is Hermitian, the Hermitian metric
∀s1, s2 ∈ S(Ĝ; E), (s1, s2) :=
∑
x,y∈Ĝ
(s1(−x+ y), s2(y));
as a result, one can again construct a Fourier transform F : E → S(Ĝ; E), ξ 7→ ξˆ,
which defines a G-equivariant topological isomorphism satisfying F (ξ⊳a) = F (ξ)⊳
F (a) for all ξ ∈ A and a ∈ A, and, if E is Hermitian, (ξˆ, ηˆ) = (ξ, η) for all ξ, η ∈ E ,
with inverse Fourier transform s 7→ sˇ =
∑
x∈Ĝ s(x). As a result, we can freely write
∀ξ ∈ E , ∀a ∈ A, ξ ⊳ a =
∑
x,y∈Ĝ
ξˆ(x+ y) ⊳ aˆ(y),(2.8)
∀ξ, η ∈ E , (ξ, η) =
∑
x,y∈Ĝ
(ξˆ(−x+ y), ηˆ(y)),(2.9)
with absolute convergence in E and A, respectively. Analogous results hold for left
Fréchet G-A-modules.
2.3. Deformation of Fréchet G-∗-algebras. We now turn to strict deformation
quantisation of Fréchet G-∗-algebras, expanding on Rieffel’s account [40, pp. 19–22]
in the spirit of Abadie and Exel’s Fell bundle-theoretic approach [1].
Fix a Fréchet G-∗-algebra (A, α). Let Θ ∈ Z2(Ĝ,T). Recall that the twisted
rapid decay algebra S(Ĝ,Θ) is defined to be S(Ĝ) as Fréchet space, endowed with
the same G-action but with the twisted convolution product and ∗-operation
∀s1, s2 ∈ S(Ĝ), ∀x ∈ Ĝ, s1 ⋆Θ s2(x) :=
∑
y∈Ĝ
e(−Θ(x− y,y)) s1(x − y)s2(y),
∀s ∈ S(Ĝ), ∀x ∈ Ĝ, s∗Θ1 (x) := e(−Θ(−x,−x)) s1(−x);
one can then check that S(Ĝ,Θ) remains a Fréchet pre-G-C∗-algebra (see Chat-
terji’s appendix to [31]). By analogy, one can define a unital ∗-algebra S(Ĝ,Θ;A)
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by endowing the Fréchet space space S(Ĝ;A) with the same G-action but with the
deformed convolution product and ∗-operation
∀s1, s2 ∈ S(Ĝ,Θ;A), ∀x ∈ Ĝ, s1 ⋆Θ s2(x) :=
∑
y∈Ĝ
e(−Θ(x− y,y)) s1(x− y)s2(y),
∀s ∈ S(Ĝ,Θ;A), ∀x ∈ Ĝ, s∗Θ(x) := e(−Θ(−x,−x)) s(−x)∗,
where absolute convergence of each (s1⋆Θs2)(x) is guaranteed by the rapid decay of
s1 and s2. The proof that S(Ĝ,Θ) is a Fréchet ∗-algebra,mutatis mutandis, together
with the fact that the isotypic subspaces Ax are closed, shows that S(Ĝ,Θ;A) is
a Fréchet G-∗-algebra. Moreover, since S(Ĝ,Θ;A) = S(Ĝ;A) as G-equivariant
Fréchet spaces, the Fourier transform on A still defines a ∗-preservingG-equivariant
topological isomorphism FΘ : A∞ → S(Ĝ,Θ;A) of Fréchet spaces. Thus, we can
deform A simply by pulling back the deformation of S(Ĝ;A) to A.
Definition 2.23. Let (A, α) be a Fréchet G-∗-algebra. The strict deformation
quantisation of (A, α) by Θ ∈ Z2(Ĝ,T) is the Fréchet G-∗-algebra (AΘ, α), where
AΘ = A as Fréchet G-spaces with the deformed multiplication and ∗-operation
∀a, b ∈ A, a ⋆Θ b := F
−1(aˆ ⋆Θ bˆ) =
∑
x,y∈Ĝ
e(Θ(x− y,y)) aˆ(x− y)bˆ(y)(2.10)
∀a ∈ A, a∗Θ := F−1(aˆ∗Θ) =
∑
x∈Ĝ
e(Θ(−x,−x)) aˆ(−x)∗.(2.11)
Remark 2.24. If Θ ∈ A(Ĝ) is an alternating bicharacter, then the deformed ∗-
operation is identical to the undeformed ∗-operation.
The mathematical-physical justification for this construction and its name is
given by the following result of Rieffel’s, which we only state for the relevant case
of compact Abelian Lie groups acting on compact manifolds.
Theorem 2.25 (Rieffel [40]). Let X be a compact G-manifold and let P ∈ ∧2g. On
the one hand, let {·, ·} denote the Poisson bracket on C∞(X) induced by the Poisson
bi-vector field (α∗ ⊗ α∗)(P ), and on the other hand, for ~ ∈ R, let Θ~ ∈ A(Ĝ) be
defined by Θ~(x,y) := exp(
1
2~〈P,x∗ ⊗ y∗〉) for x, y ∈ Ĝ. Finally, for ~ ∈ R, let
C(X~) denote the C
∗-completion of C∞(X)Θ~ with multiplication ⋆~ and C
∗-norm
‖ · ‖~. Then {C(X~)}~∈R is a continuous field of C
∗-algebras such that
∀f, g ∈ C∞(X), lim
~→0
∥∥∥∥ 1i~ (f ⋆~ g − g ⋆~ f)− {f, g}
∥∥∥∥
~
= 0.
More generally, if X is a compact G-manifold and Θ ∈ Z2(Ĝ,T), then one is
free to form the deformed algebra C∞(X)Θ. The most familiar example of this
construction is surely the operator algebraist’s noncommutative torus.
Example 2.26. Let θ ∈ ∧2RN and define Θ ∈ A(ZN ) by setting Θ(x,y) :=
exp(12θ(x∗,y∗)) for x, y ∈ Z
N . Then C∞(TNθ ) := C
∞(TN )Θ is the noncommutative
N -torus with deformation parameter θ, satisfying the commutation relations
∀x, y ∈ ZN , Uy ⋆Θ Ux = exp(2πiθ(x∗,y∗))Ux ⋆Θ Uy.
Finally, the basic properties of strict deformation quantisation can be sum-
marised as follows; in our context, the rapid decay of Fourier coefficients renders
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all convergence issues moot, so that the proving these properties reduces to a me-
chanical, purely algebraic fact-check.
Proposition 2.27 (Brain–Landi–Van Suijlekom [7, §2]). Let AlgG denote the cate-
gory of Fréchet G-∗-algebras and G-equivariant continuous ∗-homomorphisms. For
every Θ ∈ Z2(Ĝ,T), the assignment
Obj(AlgG) ∋ (A, α) 7→ (AΘ, α),
Mor(AlgG) ∋ (f : (A, α)→ (B, β)) 7→ (f : (AΘ, α)→ (BΘ, β)) ,
defines an isomorphism of categories RΘ : AlgG
∼
→ AlgG. Moreover, the functors
RΘ satisfy the following properties.
(1) Let IdAlgG denote the identity functor on AlgG. Then R0 = IdAlgG .
(2) For any Θ, Θ′ ∈ Z2(Ĝ,T), RΘ ◦RΘ′ = RΘ+Θ′ .
Thus, Θ 7→ RΘ defines a strict action of the group Z
2(Ĝ,T) on the category AlgG.
For a overview of strict deformation quantisation, in full generality, from a thor-
oughly functorial perspective, consult Brain, Landi, and Van Suijlekom [7, §2].
2.4. Deformation of G-equivariant Fréchet modules. For the remainder of
this subsection, let (A, α) be a fixed Fréchet G-∗-algebra for G a fixed compact
Abelian Lie group. We now discuss the deformation of Fréchet G-A-modules to
Fréchet G-AΘ-modules for Θ ∈ Z2(Ĝ,T) with a particular emphasis on the finitely
generated projective case. In what follows, all modules are right modules unless
stated otherwise.
Let E be a (Hermitian) Fréchet G-A-module and let Θ ∈ Z2(Ĝ,T). Recall that
the Fourier transform F : E → S(Ĝ; E) defines a (Hermitian metric-preserving) G-
equivariant bicontinuous linear map intertwining the A-module structure on E with
the S(Ĝ;A)-module structure on S(Ĝ; E). Now, it is easy to deform the Fréchet G-
S(Ĝ;A)-module S(Ĝ; E) into a FréchetG-S(Ĝ,Θ;A)-module S(Ĝ,Θ; E) by defining
S(Ĝ,Θ; E) := S(Ĝ; E) as a G-equivariant Fréchet space, except endowed with the
right S(Ĝ,Θ;A)-module structure
∀s ∈ S(Ĝ,Θ; E), ∀aˆ ∈ S(Ĝ,Θ;A), ∀x ∈ Ĝ,
(s⊳Θ aˆ) (x) :=
∑
x,y∈Ĝ
e(−Θ(x− y,y)) s(x− y)⊳ aˆ(y),
and, if E is Hermitian, the Hermitian metric
∀s1, s2 ∈ S(Ĝ,Θ; E), (s1, s2)Θ :=
∑
x,y∈Ĝ
e(−Θ(x− y,x)) (s1(−x+ y), s1(y)).
Thus, we can deform E to a AΘ-module simply by pulling back the deformation of
S(Ĝ,Θ; E) to E .
Definition 2.28. Let (E , U) be a Fréchet G-A-module. The deformation of E by
Θ ∈ Z2(Ĝ,T) is the Fréchet G-AΘ-module (EΘ, U), where EΘ := E as G-equivariant
Fréchet spaces, endowed with the right AΘ-module structure
(2.12)
∀ξ ∈ E , ∀a ∈ AΘ, ξ⊳Θa := F
−1(ξˆ⊳Θ aˆ) =
∑
x,y∈Ĝ
e(−Θ(x− y,y)) ξˆ(x−y)⊳ aˆ(y);
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moreover, if E is Hermitian, then we can endow EΘ with the G-equivariant AΘ-
valued Hermitian metric
(2.13) ∀ξ, η ∈ EΘ, (ξ, η)Θ := (ξˆ, ηˆ)Θ =
∑
x,y∈Ĝ
e(−Θ(x− y,x)) (ξˆ(−x+y), ηˆ(y)).
Remark 2.29. The analogous construction can just as easily be made in the case of
left (Hermitian) Fréchet G-A-modules.
The basic properties of deformations of Fréchet G-A-modules can be summarised
as follows; again, in our context, the rapid decay of Fourier coefficients reduces the
proof of these properties to a mechanical, purely algebraic fact-check.
Proposition 2.30 (Brain–Landi–Van Suijlekom [7, §2]). Let (A, α) be a Fréchet
G-∗-algebra and let ModG(A) denote the category of right Fréchet G-A-modules
and G-equivariant continuous A-module homomorphisms. For every Θ ∈ Z2(Ĝ,T),
the assignment
Obj(ModG(A)) ∋ (E , U) 7→ (EΘ, U)
Mor(ModG(A)) ∋ (f : (E , U)→ (F , V )) 7→ (f : (EΘ, U) 7→ (FΘ, V )),
defines an isomorphism of categories RA,Θ :ModG(A)
∼
→ModG(AΘ). Moreover,
the functors RA,Θ satisfy the following properties.
(0) Let A and B be Fréchet G-∗-algebras, let ϕ : A → B be a G-equivariant
continuous ∗-homomorphism, and let ϕ∗ :ModG(B) →ModG(A) denote
the pullback functor. For any Θ ∈ Z2(Ĝ,T), ϕ∗ ◦RB,Θ = RA,Θ ◦ ϕ
∗.
(1) Let IdModG(A) denote the identity on ModG(A). Then RA,0 = IdModG(A).
(2) For any Θ, Θ′ ∈ Z2(Ĝ,T), RAΘ,Θ′ ◦RA,Θ = RA,Θ+Θ′ .
Analogous results hold for left Fréchet G-A-modules and G-equivariant continuous
A-module homomorphisms and for left or right Hermitian Fréchet G-A-modules
and G-equivariant unitary isomorphisms, viz, bicontinuous unitary A-module ho-
momorphisms.
Again, for an overview of the deformation of equivariant Fréchet modules, in full
generality, from a thoroughly functorial perspective, consult Brain, Landi, and Van
Suijlekom [7, §2].
Let us now focus our attention on finitely generated projective modules. From
now on, we assume that (A, α) is a unital Fréchet pre-G-C∗-algebra with G-equivar-
iant C∗-completion the unital G-C∗-algebra (A,α); this will always be the case
in the context of Connes–Landi deformation. In addition, we shall only consider
deformation along bicharacters; in light of Theorem 2.1 and our later discussion in
§ 3.2, we can do so without any loss of generality.
Now, recall that a finitely generated projective right A-module E admits a canon-
ical Fréchet topology, which is induced by any inclusion of E as a complementable
subspace of AN for some N ∈ N. One can therefore make the following definition.
Definition 2.31 (Julg [26, Definition 2.1]). We define a f.g.p. G-A-module to be a
finitely generated projective right A-module E together with a strongly continuous,
isometric G-action U : G→ B(E), such that
(2.14) ∀a ∈ A, ∀ξ ∈ E , ∀t ∈ G, Ut(ξ ⊳ a) = Ut(ξ)⊳ αt(a).
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In particular, we define a Hermitian f.g.p. G-A-module to be a f.g.p. G-A-module
together with a Hermitian metric ( · , · ) : E × E → A satisfying
(2.15) ∀ξ, η ∈ E , ∀t ∈ G, (Utξ, Utη) = αt((ξ, η)).
Remark 2.32. Observe that an f.g.p. G-A-module is, in particular, a Fréchet A-
module, but is not, a priori, a Fréchet G-A-module.
Under our additional assumption on A, one can prove the following crucial char-
acterisation of f.g.p. G-A-modules as G-equivariant direct summands of finitely
generated free G-A-modules, which will immediately imply that f.g.p. G-A-modules
are, in particular, Fréchet G-A-modules.
Lemma 2.33 (Julg [26, Lemma 4.2], cf. Segal [43, Proposition 2.4]). Let E be an
f.g.p. G-A-module. There exists a G-equivariant isomorphism ψ : E
∼
→ e(V ⊗ A),
where V is a finite-dimensional representation of G and e ∈ (B(V ) ⊗ A)G is an
idempotent. If, in addition, E is Hermitian, then one can take the representation V
to be unitary, the idempotent E to be an orthogonal projection, and the isomorphism
ψ : E
∼
→ e(V ⊗A) to be unitary, in the sense that
∀v, v′ ∈ V, ∀a, a′ ∈ A, (ψ−1(v ⊗ a), ψ−1(v′ ⊗ a′)) = 〈v, v′〉a∗a′.
Proof. The proof of the C∗-algebraic case [4, §11.2; 36, §2.2] carries over mostly
unchanged; we shall sketch the proof with an emphasis on necessary changes.
To begin, let ι : E →֒ AN be an inclusion of E as a complementable sub-
space of AN for some N ∈ N, thereby defining the Fréchet topology on E , and
let {ξ1, . . . , ξN} be a set of generators for E qua A-module. Let E := E ⊗A A,
topologised as a complementable subspace of AN via the G-equivariant extension
ι⊗Id : E := E⊗AA →֒ A
N⊗AA = A
N of ι from E to its G-equivariant closure E; in
particular, E defines a G-equivariant Hilbert A-module, which, again, is generated
by {ξ1, . . . , ξN} ∈ E ⊂ E.
Now, use the convolution action of L1(G) on the G-invariant dense subspace
E on E find η1, . . . , ηN ∈ E with ‖ξk − ηk‖ < N−1 in E for each k, such that
V := SpanC ∪
N
k=1L
1(G)ηk is finite-dimensional and G-invariant. It suffices to show
that {η1, . . . , ηN} also generates E as an A-module. Indeed, if that is the case, then
we can define a G-equivariant surjective A-module homomorphism ϕ : V ⊗A → E
by setting ϕ(v⊗ a) := v⊳ a for v ∈ V and a ∈ A. Since E is projective, ϕ admits a
right inverse ψ0 : E → V ⊗A, which we can average overG to obtain a G-equivariant
right inverse ψ : E → V ⊗ A; at last, it follows that ψ : E
∼
→ e(V ⊗ A) defines a
G-equivariant topological isomorphism of A-modules with inverse ψ−1 = ϕ|e(V⊗A),
where e := ϕ ◦ ψ ∈ B(V )⊗A is the desired G-invariant idempotent.
Let us conclude the above argument by showing that {η1, . . . , ηN} also generates
E . Define homomorphisms T , T ′ ∈ HomA(AN , E) ⊂ HomA(AN , E) by setting
∀(a1, . . . , aN) ∈ A
N , T (a1, . . . , aN ) :=
N∑
k=1
ξk⊳ak, T
′(a1, . . . , aN) :=
N∑
k=1
ηk⊳ak,
where, by construction, T defines a continuous left inverse for ι. It clearly suffices
to show that T ′ is surjective. Now, by our assumption on {η1, . . . , ηN}, it follows
that ‖T − T ′‖HomA(AN ,E) < 1, so that
‖((Id−ι◦T )+ ι◦T ′)− Id‖MN (A) = ‖ι◦T − ι◦T
′‖MN (A) ≤ ‖T −T
′‖HomA(AN ,E) < 1,
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and hence, (Id−ι ◦ T ) + ι ◦ T ′ is invertible in MN (A); as a result, since MN(A) ⊂
MN(A) is closed under the holomorphic functional calculus, (Id−ι ◦ T ) + ι ◦ T ′ is
actually invertible in MN(A). But now, since AN = Ran(Id−ι ◦ T ) ⊕ Ran(ι), it
follows that Ran(ι ◦T ′) = Ran(ι), so that by injectivity of ι, T ′ is indeed surjective.
Finally, suppose that E is Hermitian with Hermitian metric ( · , · ). Choose a
G-invariant inner product 〈 · , · 〉 on V , which induces a Hermitian metric on V ⊗A
by setting (v ⊗ a, v′ ⊗ a′)′ := 〈v, v′〉a∗a′, for all v, v′ ∈ V and a, a′ ∈ A, and
construct a G-invariant orthogonal projection p, such that e(V ⊗ A) = p(V ⊗ A)
[22, Theorem 3.8]. Endow E with the G-invariant Hermitian metric ψ∗( · , ·), and let
P ∈ EndA(E) ∼= p(B(V ) ⊗ A)p be the G-invariant strictly positive operator, such
that (ξ, η) = ψ∗(ξ, Pη)′. for all ξ, η ∈ E . Snce EndA(E) ∼= p(B(V ) ⊗A)p is closed
under the holomorphic functional calculus, P admits a strictly positive G-invariant
square root P 1/2 ∈ EndA(E)G of P , which, in turn, yields the desired G-equivariant
unitary isomorphism ψ ◦ P−1/2 : E
∼
→ p(V ⊗A). 
Remark 2.34. By Lemma 2.33, any f.g.p. G-A-module E ∼= e(V ⊗ A) admits a
G-invariant Hermitian metric; choose a G-invariant inner product on V and endow
V ⊗ A with the corresponding G-invariant Hermitian metric, which one can just
pull back to E . More importantly, any f.g.p. G-A-module E ∼= e(V ⊗A) is a Fréchet
G-A-module, since the G-action on e(V ⊗A) is manifestly strongly smooth.
Since an f.g.p. G-A-module E is necessarily a Fréchet G-A-module, we may
deform it by any Θ ∈ B(Γ) to obtain a Fréchet G-AΘ-module EΘ; as it turns out,
EΘ still defines a f.g.p. G-AΘ-module, which we show by constructing an explicit
G-invariant projection pΘ onto EΘ from a given a G-invariant projection p onto E .
Theorem 2.35 (cf. Connes–Dubois-Violette [15, Proposition 5], Brain–Landi–Van
Suijlekom [7, Proposition 3.2.1]). Let E be a f.g.p. G-A-module; without loss of
generality, take E to be Hermitian. Let π : G → U(V ) be any finite-dimensional
unitary G-representation and let p ∈ B(V ) ⊗ A be any G-invariant orthogonal
projection such that E ∼= p(V ⊗A) as Hermitian Fréchet G-A-modules; let (V, π) =
(Cv1, e◦x1)⊕· · · (CvN , e◦xN) be any orthogonal decomposition of π into irreducible
unitary representations, where x1, . . . ,xN ∈ Ĝ. For any Θ ∈ B(Ĝ), we have that
EΘ ∼= pΘ(V ⊗AΘ) as Hermitian Fréchet G-A-modules, where pΘ ∈ B(V ) ⊗AΘ is
the G-invariant orthogonal projection defined by
(2.16) pΘ :=
N∑
j,k=1
(vj ⊗ 〈vk, · 〉)⊗ e(−Θ(xj ,xj − xk)) (vj ⊗ 1, p(vk ⊗ 1));
in particular, EΘ defines a f.g.p. G-AΘ-module.
Remark 2.36. In the case whereA = C∞(X) and E = C∞(X,E) forX a compactG-
manifold and E → X a G-equivariant Hermitian vector bundle, Connes and Dubois-
Violette [15, Proposition 5] give an indirect proof that EΘ is finitely generated
projective using Julg’s characterization of equivariantK-theory for C∗-algebras [26],
whilst Brain, Landi, and Van Suijlekom [7, Proposition 3.2.1] give a completely
different constructive proof of this fact that essentially depends on G-equivariantly
realising E as a vector bundle associated to a G-equivariant principal bundle over
X .
Proof of Theorem 2.35. Let Θ ∈ Ĝ. In what follows, for x ∈ Ĝ, let Cx denote C
endowed with unitary G-representation e ◦ x : G→ U(1).
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First, suppose that E is free of rank 1, which, by Lemma 2.33, we identify with
Cx ⊗A for some x ∈ Ĝ. Since Ex+y = C⊗Ay for all y ∈ Ĝ, it follows that
(1 ⊗ a)⊳Θ b =
∑
y,z∈Ĝ
e(−Θ(x+ y − z, z)) 1⊗ aˆ(y − z)bˆ(z) = 1⊗ a ⋆Θ α−Θ(x,·)(b),
(1⊗ a, 1⊗ b)Θ =
∑
y,z∈Ĝ
e(−Θ(−x+ y − z,y)) aˆ(−y + z)∗bˆ(z) = αΘ(x,·)(a
∗Θ ⋆Θ b),
for all a, b ∈ A, and hence that Id⊗αΘ(x,·) defines a G-equivariant unitary isomor-
phism EΘ
∼
→ Cx ⊗AΘ of Hermitian f.g.p. G-AΘ-modules.
Let us now turn to the general case. Let π : G→ U(V ) be any finite-dimensional
unitary G-representation and let p ∈ B(V )⊗A be any G-invariant orthogonal pro-
jection such that E ∼= p(V ⊗ A) as Hermitian Fréchet G-A-modules; let (V, π) =
(Cv1, e ◦ x1) ⊕ · · · (CvN , e ◦ xN ) be any orthogonal decomposition of π into irre-
ducible unitary representations, where x1, . . . ,xN ∈ Ĝ. On the one hand, since
p is G-invariant, it follows that EΘ ∼= p(V ⊗ A)Θ, where p still defines a G-
invariant orthogonal projection in EndAΘ((V ⊗ A)Θ). On the other hand, by
our discussion above, S := ⊕Nk=1(Id⊗αΘ(xk,·)) defines a G-equivariant unitary iso-
morphism (V ⊗ A)Θ
∼
→ V ⊗ AΘ of Hermitian f.g.p. G-AΘ-modules. Thus, S re-
stricts to a G-equivariant unitary isomorphism EΘ ∼= p(V ⊗ A)Θ
∼
→ pΘ(V ⊗ AΘ),
of Hermitian Fréchet G-AΘ-modules, where the G-invariant orthogonal projection
pΘ := SpS
−1 ∈ B(V )⊗AΘ can be explicitly constructed in terms of p:
pΘ =
N∑
j,k=1
(vj ⊗ 〈vk, · 〉)⊗ (vj ⊗ 1, SpS
−1(vk ⊗ 1))
=
N∑
j,k=1
(vj ⊗ 〈vk, · 〉)⊗ (vj ⊗ 1, p(vk ⊗ 1))Θ
=
N∑
j,k=1
(vj ⊗ 〈vk, · 〉)⊗ e(−Θ(xj ,xk − xj)) (vj ⊗ 1, p(vk ⊗ 1)). 
Example 2.37 (Landi–Van Suijlekom [28], cf. Connes–Landi [16]). Let θ ∈ R
and define Θ ∈ A(Z2) by Θ(x,y) := exp(12θ(x1y2 − x2y1)) for x, y ∈ Z
2. Recall
that the Hopf fibration SU(2) → S7 → S4 is T2-equivariant for the trivial T2-
action on SU(2) and certain T2-actions on S7 and S4, and hence deforms to a
nontrivial quantum principal SU(2)-bundle C∞(S7θ ) ←֓ C
∞(S7θ )
SU(2) ∼= C∞(S4θ ),
where C∞(S7θ ) := C
∞(S7)Θ and C∞(S4Θ) := C
∞(S4)Θ [28, §5].
Now, let n ∈ N, and let V (n) := SnC2 be the corresponding irreducible repre-
sentation of SU(2). On the one hand, by equivariance of the Hopf fibration, V (n)
gives rise to a T2-equivariant Hermitian vector bundle E(n) := S7 ×SU(2) V (n),
such that C∞(S4, E(n)) ∼= p(n)C∞(S4)4
n
for an explicit T2-invariant projection
p(n) ∈ M4n(C
∞(S4)) [28, Appendix A]. On the other hand, Landi and Van Sui-
jlekom [28] use the deformed Hopf fibration to construct an associated C∞(S4θ )-
module E(n)θ := C
∞(S7θ ) ⊠SU(2) V
(n), such that E(n)θ
∼= p
(n)
θ C
∞(S4θ ) for an explicit
projection p(n)θ ∈M4n(C
∞(S4θ )), with p
(1)
θ recovering the instanton projection con-
structed by Connes and Landi [16, §§II–III]. By T2-equivariance of all constructions,
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it not only follows that E(n)θ = C
∞(S4, E(n))Θ, but also that p
(n)
θ = (p
(n))Θ is pre-
cisely given by Equation 2.16 as applied to p(n).
Finally, let us observe that if E is a Hermitian f.g.p. G-A-module, then the
algebra EndAΘ(EΘ) can naturally be identified with EndA(E)Θ.
Corollary 2.38 (cf. Brain–Landi–Van Suijlekom [7, Proposition 4.2]). Let E be a
Hermitian f.g.p. G-A-module. Then for all Θ ∈ B(Ĝ), the map πΘ : EndA(E) →
EndAΘ(EΘ) defined by
(2.17) ∀T ∈ EndA(E), ∀ξ ∈ E , πΘ(T )ξ :=
∑
x∈Ĝ
∑
y∈Ĝ
e(−Θ(x− y,y)) Tˆ (x−y)ξˆ(y),
is a G-equivariant topological ∗-isomorphism of Fréchet G-∗-algebras.
Proof. By Lemma 2.33, EndA(E) is a Fréchet pre-G-C∗-algebra, so that E is simulta-
neously a left FréchetG-EndA(E)-module and a Hermitian rightG-A-module. Thus,
E can be simultaneously deformed to EΘ as both a left Fréchet G-EndA(E)Θ-module
and a Hermitian right G-AΘ-module, where the EndA(E)Θ-module structure on EΘ
is given by
∀T ∈ EndA(E)Θ, ∀ξ ∈ EΘ, T ⊲Θ ξ :=
∑
x,y∈Ĝ
e(−Θ(x,y)) Tˆ (x − y)ξˆ(y),
i.e., by T ⊲Θ ξ = πΘ(T )ξ. Then, one can check on isotopic elements that T 7→
(T ⊲Θ ·) defines an injective G-equivariant ∗-homomorphism πΘ : EndA(E)Θ →֒
EndAΘ(AΘ).
Now, by Theorem 2.35, EndAΘ(EΘ) is also a Fréchet G-∗-algebra, so that EΘ is
simultaneously a left Fréchet G-EndAΘ(EΘ)-module and a Hermitian right G-AΘ-
module; in particular, πΘ is continuous. Thus, EΘ can be simultaneously deformed
to E = (EΘ)−Θ as both a left Fréchet G-EndAΘ(EΘ)−Θ-module and as a Hermitian
right G-A-module, where the EndAΘ(EΘ)−Θ-module structure is now given by
∀T ∈ EndAΘ(EΘ)−Θ, ∀ξ ∈ EΘ, S ⊲−Θ ξ :=
∑
x,y∈Ĝ
e(Θ(x,y)) Tˆ (x− y)ξˆ(y).
Again, one can check on isotypic elements that S 7→ (S⊲−Θ) defines an injective
G-equivariant continuous ∗-homomorphism π−Θ : EndAΘ(EΘ)−Θ →֒ EndA(E); by
checking, once more, on isotypic elements, one can show that π−Θ = πΘ−1. 
3. Connes–Landi deformation
3.1. Deformation of G-equivariant spectral triples. We now review the defini-
tion and construction of Connes–Landi deformations, following Yamashita [49, §2]
and Landi and Van Suijlekom [29, §3]. We begin by fixing notation and terminology.
Definition 3.1. A spectral triple is a triple (A, H,D), where A is a unital ∗-algebra,
H is a Hilbert space endowed with a faithful ∗-representation L : A → B(H) of A
on H , and D is a densely-defined self-adjoint operator with compact resolvent on
H , such that [D,L(a)] ∈ B(H) for all a ∈ A. If, in addition, L(A) + [D,L(A)] ⊂
∩k Dom([|D|, ·])
k, then it is called regular.
From the standpoint of strict deformation quantisation, an essential feature of a
regular spectral triple (A, H,D) is that the algebra A can be canonically completed
to a Fréchet pre-C∗-algebra.
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Proposition 3.2 (Rennie [37, Lemma 16]). Let (A, H,D) be regular and let
(3.1) Aδ := {a ∈ A′′ | L(a), [D,L(a)] ∈ ∩k Dom δ
k}, δ := [|D|, ·],
endowed with the seminorms {‖·‖k}k∈N defined by
(3.2) ∀k ∈ N, a ∈ Aδ, ‖a‖k :=
k∑
j=0
(
‖δj(L(a))‖+ ‖δj([D,L(a)])‖
)
Then Aδ is Fréchet pre-C∗-algebra and (Aδ, H,D) defines a a regular spectral triple.
In the sequel, if (A, H,D) is a regular spectral triple, then we always complete
A to Aδ, and hence view A = Aδ as a Fréchet pre-C∗-algebra by Proposition 3.2.
Remark 3.3. The submultiplicative seminorms defined in Equation 3.2, first intro-
duced by Rennie [37, p. 147], are equivalent to those defined by Yamashita [49, eq.
3] and by Connes [14, eq. 12], respectively.
In light of Proposition 3.2, we define G-equivariant spectral triples as follows.
Definition 3.4. A G-equivariant spectral triple is a regular spectral triple (A, H,D)
together with a strongly smooth action α : G → Aut(A) by isometric ∗-automor-
phisms and a strongly continuous representation U : G→ U(H), such that
∀t ∈ G, ∀a ∈ A, UtL(a)U
∗
t = L(αt(a)), UtDU
∗
t = D.
Remark 3.5. In terms of our earlier conventions, if (A, H,D) is a G-equivariant
spectral triple, then we consider A = Aδ to be topologised as (Aδ)∞ as needed.
Example 3.6. If X is a compact oriented Riemannian G-manifold and D a G-
invariant self-adjoint Dirac-type operator on a G-equivariant Hermitian vector bun-
dle E → X , then (C∞(X), L2(X,E), D) is a G-equivariant spectral triple.
Now, let (A, H,D) be a G-equivariant spectral triple. By the classical Peter–
Weyl theorem, we can decompose H as a direct sum of isotypic subspaces,
H = ⊕
x∈ĜHx, Hx := {ξ ∈ H | ∀t ∈ G, Utξ = e((x, t)) ξ};
let Hfin := ⊕alg
x∈Ĝ
Hx be their algebraic direct sum, which defines a dense subspace
of H , and for each x ∈ Ĝ, let Px denote the orthogonal projection onto Hx. If
Θ ∈ Z2(Ĝ,T), then the obvious analogy with Fréchet G-A-modules suggests a
deformation of L : A → B(H) to a G-equivariant ∗-representation LΘ : AΘ →
B(H), such that (AΘ, H,D) remains a spectral triple.
Theorem 3.7 (Yamashita [49, Proposition 5]). Let (A, H,D) be a G-equivariant
spectral triple, and let Θ ∈ Z2(Ĝ,T). Then (AΘ, H,D), endowed with the left
∗-representation LΘ : AΘ → B(H) given by
(3.3) ∀a ∈ AΘ, ∀ξ ∈ H
fin, LΘ(a)ξ :=
∑
x∈Ĝ
e(−Θ(x− y,y))L(aˆ(x− y))Pyξ,
defines a G-equivariant spectral triple.
This result, then, motivates and justifies the following definition.
Definition 3.8 (Connes–Landi [16, §5], Yamashita [49, §2]). Let (A, H,D) be
a G-equivariant spectral triple. The Connes–Landi deformation of (A, H,D) by
Θ ∈ Z2(Ĝ,T) is the G-equivariant spectral triple (AΘ, H,D) of Proposition 3.7.
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Example 3.9 (cf. Connes–Dubois-Violette [15, §13], Dąbrowski [17]). Consider
G = TN and A = C∞(TN ), where the TN -action on C∞(TN ) is induced by the
translation action on TN . Fix a spin structure on TN and let /S → TN and /D denote
the corresponding spinor bundle and Dirac operator, respectively; the translation
action of TN on itself lifts to an action of a double cover T˜N of TN on /S, making /S
a T˜N -equivariant Hermitian vector bundle and /D a T˜N -invariant Dirac operator.
Now, let θ ∈ ∧2RN , let Θ ∈ A(ZN ) be defined by Θ(x,y) := exp(12θ(x∗,y∗)) for
x, y ∈ ZN , and let Θ˜ denote the pullback of Θ to a bicharacter on the Pontrjagin
dual Z˜N of T˜N . Then the Connes–Landi deformation
(C∞(TNθ ), L
2(TNθ , /S), /D) := (C
∞(TN )Θ˜, L
2(TN , /S), /D)
of (C∞(TN ), L2(TN , /S), /D) qua T˜N -equivariant spectral triple by Θ˜ is precisely the
spectral triple of the noncommutative N -torus C∞(TN ) with deformation parame-
ter θ, corresponding to the chosen spin structure for TN .
Let us now prove Proposition 3.7. Recall that a strongly continuous unitary
representation U : G→ U(H) of G on a Hilbert space H induces an action β : G→
Aut(B(H)) of G on B(H) by ∗-automorphisms, strongly continuous for the strong
operator topology, defined by βt(S) := UtSU∗t for S ∈ B(H) and t ∈ G. Thus, if
B∞(H) := {S ∈ B(H) |G ∋ t 7→ βt(S) is norm-smooth},
then (B∞(H), β), endowed with the seminorms of Equation 2.2, defines a Fréchet
pre-G-C∗-algebra with G-equivariant C∗-closure (Bc(H), β), where
Bc(H) := {S ∈ B(H) |G ∋ t 7→ βt(S) is norm-continuous}.
Now, if (A, H,D) is a G-equivariant spectral triple and if Θ ∈ Z2(Ĝ,T), then the
G-equivariant ∗-representation L : A → B(H) actually defines a G-equivariant
isometric ∗-homomorphism L : A →֒ B∞(H), which, therefore, also defines a G-
equivariant isometric ∗-homomorphism L : AΘ →֒ B∞(H)Θ. Thus, it suffices to
construct a suitable G-equivariant topological ∗-isomorphism πΘ : B∞(H)Θ
∼
→
B∞(H), such that LΘ := πΘ ◦ L has the correct form.
We begin with a technical convenience to facilitate this construction.
Lemma 3.10. Let (A, H,D) be a G-equivariant spectral triple; let Θ ∈ Z2(Ĝ,T).
For any x ∈ Ĝ, ΥΘx :=
∑
y∈Ĝ e(−Θ(x,y))Py strongly converges to a G-invariant
unitary operator on H that commutes with D.
Proof. Strong convergence of
∑
y∈Ĝ e(−Θ(x,y))Py =: Υ
Θ
x follows from strong con-
vergence of
∑
y∈Ĝ Py = IdH ; since Υ
Θ
x is diagonal with respect to the Peter–Weyl
decompositionH = ⊕
y∈ĜHy, acting as a unimodular constant on each isotypic sub-
space, it defines a G-invariant unitary. Finally, since D is G-invariant, the strongly
continuous representation U : G → U(H) restricts to a strongly continuous rep-
resentation U : G → U(DomD), with respect to which the isotypic subspaces of
DomD are simply (DomD)y = DomD ∩ Hy for y ∈ Ĝ; thus, ΥΘx restricts to a
G-invariant unitary on DomD, constant on each isotypic subspace, and, as such,
commutes with D. 
Remark 3.11. If Θ is a bicharacter, then x 7→ ΥΘx = U−Θ(x,·) defines a unitary
representation of Ĝ on H ; otherwise, the map x 7→ ΥΘx is not even projective.
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Given the unitaries ΥΘx , we can now construct the desired isomorphism πΘ :
B∞(H)Θ
∼
→ B∞(H), and hence proceed with the proof of Proposition 3.7.
Lemma 3.12. Let (A, H,D) be a G-equivariant spectral triple; let Θ ∈ Z2(Ĝ,T).
The map πΘ : B
∞(H)Θ → B
∞(H) defined by
(3.4) ∀S ∈ B∞(H)Θ, πΘ(S) := F−1
((
Sˆ(x)ΥΘx
)
x∈Ĝ
)
=
∑
x∈Ĝ
Sˆ(x)ΥΘx
is a G-equivariant topological ∗-isomorphism such that
∀S ∈ B∞(H)Θ, ∀ξ ∈ H
fin, πΘ(S)ξ =
∑
x,y∈Ĝ
e(−Θ(x− y,y)) Sˆ(x− y)Pyξ,(3.5)
∀S ∈ B∞(H) ∩Dom[|D|, ·], [|D|, πΘ(S)] = πΘ([|D|, S]) ∈ B
∞(H).(3.6)
Proof. Since the operators ΥΘx are all G-invariant and unitary, if S ∈ B
∞(H),
then
(
Sˆ(x)ΥΘx
)
x∈Ĝ
∈ S(Ĝ;B∞(H)) if and only if Sˆ ∈ S(Ĝ;B∞(H)), so that
πΘ : B
∞(H) → B∞(H) is well-defined; from there, it is easy to check that πΘ
defines a G-equivariant ∗-preserving bicontinuous linear map with inverse π−Θ.
Now, by the proof of Lemma 3.10, D and |D| define G-equivariant bounded
operators DomD → H . Let S ∈ B∞(H) ∩ Dom[|D|, ·]. Then S restricts to an
element of B∞(DomD), whilst [|D|, S] ∈ B∞(H), so that one can simply check on
the dense subspace (DomD)fin = ⊕alg
y∈Ĝ
(DomD∩Hy) of DomD that [|D|, πΘ(S)] =
πΘ([|D|, S]) as bounded operators DomD → H , and hence, since πΘ([|D|, S]) ∈
B∞(H), as bounded operators on H itself. 
Proof of Proposition 3.7. By Lemma 3.12 and G-equivariance of L : A →֒ B∞(H),
we can safely write LΘ = πΘ ◦ L : AΘ →֒ B∞(H). Hence, by Lemma 3.12, it
suffices to prove that [D,LΘ(a)] = πΘ([D,L(a)]) for all a ∈ A; however, this
follows, mutatis mutandis, from the proof of Equation 3.6. 
Finally, let us record the basic properties of Connes–Landi deformation by anal-
ogy with Propositions 2.27 and 2.30. Before continuing, recall that two (regular)
spectral triples (A1, H1, D1) and (A2, H2, D2) are called unitarily equivalent, de-
noted (A1, H1, D1) ∼= (A2, H2, D2), if there exist a (topological) ∗-isomorphism
ϕ : A1 → A2 and a G-equivariant unitary Φ : H1 → H2 such that
∀a ∈ A1, ΦL1(a)Φ
∗ = L2(ϕ(a)); ΦD1Φ
∗ = D2;
in which case we call (ϕ,Φ) a unitary equivalence from (A1, H1, D1) to (A2, H2, D2),
written (ϕ,Φ) : (A1, H1, D1)
∼
→ (A2, H2, D2). In particular, if (A1, H1, D1) and
(A2, H2, D2) are G-equivariant spectral triples and if ϕ and Ψ are G-equivariant,
then we shall say that (A1, H1, D1) and (A2, H2, D2) are G-equivalent, denoted
(A1, H1, D1) ∼=G (A2, H2, D2), and call (ϕ,Φ) a G-equivalence.
Proposition 3.13. Let SpTrG denote the category of G-equivariant spectral triples
and G-equivalences, where the composition of two G-equivalences
(ϕ,Φ) : (A1, H1, D1)
∼
→ (A2, H2, D2), (ϕ
′,Φ′) : (A2, H2, D2)
∼
→ (A3, H3, D3),
is given by (ϕ′,Φ′) ◦ (ϕ,Φ) := (ϕ′ ◦ ϕ,Φ′ ◦ Φ) : (A1, H1, D1) → (A3, H3, D3). For
every Θ ∈ Z2(Ĝ,T), the assignment
Obj(SpTrG) ∋ (A, H,D) 7→ (AΘ, H,D),
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Mor(SpTrG) ∋
(
(ϕ,Φ) : (A1, H1, D1)
∼
→ (A2, H2, D2)
)
7→
(
(ϕ,Φ) : ((A1)Θ, H1, D1)
∼
→ ((A2)Θ, H2, D2)
)
,
defines an isomorphism of categories CLΘ : SpTrG
∼
→ SpTrG. Moreover, the
functors CLΘ satisfy the following properties.
(1) Let IdSpTrG denote the identity functor on SpTrG. Then CL0 = IdSpTrG .
(2) For any Θ, Θ′ ∈ Z2(Ĝ,T), CLΘ′ ◦CLΘ = CLΘ+Θ′ .
Thus, Θ 7→ CLΘ defines a strict action of the group Z
2(Ĝ,T) on SpTrG.
Given Proposition 2.27 and the techniques used to prove Proposition 3.7, the
proof of these properties reduces, again, to a mechanical, algebraic fact-check.
3.2. Group cohomology and symmetries of Connes–Landi deformation.
We now show that the second group cohomology H2(Ĝ,T) of the Pontrjagin dual
Ĝ of G parametrizes Connes–Landi deformations of a given G-equivariant spectral
triple Σ, up to natural G-equivalence.
Theorem 3.14 (cf. Venselaar [48, Lemma 1]). For any Θ, Θ′ ∈ Z2(Ĝ,T), the
functors CLΘ and CLΘ′ are naturally isomorphic if and only if Θ and Θ
′ are
cohomologous.
Proof. Let Θ, Θ′ ∈ Z2(Ĝ,T). Let θ := [Θ], θ′ := [Θ′], and recall that ι(θ) = Θ−Θt,
ι(θ′) = Θ′ − (Θ′)t. so that, by commutativity of C∞(G),
by ⋆Θ ax = e(ι(θ)) ax ⋆Θ by, by ⋆Θ′ ax = e(ι(θ
′)) ax ⋆Θ′ by
for all isotypic ax ∈ C∞(G)x = CUx and by ∈ C∞(G)y = CUy in C∞(G).
First, suppose that CLΘ and CLΘ′ are naturally isomorphic. Let Ψ : CLΘ
∼
→
CLΘ′ be a natural isomorphism. In particular, Ψ yields a G-equivalence (ψ,Ψ) :
(C∞(G)Θ, L
2(G, /S), /D)
∼
→ (C∞(G)Θ′ , L
2(G, /S), /D), where /S → G is the spinor
bundle and /D is the Dirac operator associated to the trivial spin structure. Then
e(ι(θ′)(x,y))ψ(Ux) ⋆Θ′ ψ(Uy) = ψ(Uy) ⋆Θ′ ψ(Uy) = ψ(Uy ⋆Θ Ux)
= ψ(e(ι(θ)(x,y))Ux ⋆Θ Uy) = e(ι(θ)(x,y)) Ψ(Ux) ⋆Θ′ ψ(Uy)
for all x, y ∈ Ĝ, so that ι(θ) = ι(θ′), and hence, by Theorem 2.1, θ = θ′.
Now, suppose that θ = θ′, so that Θ′ − Θ = dT for some T : Ĝ → T such that
T (0) = 0. For any Σ = (A, H,D) ∈ Obj(SpTrG), define ψΣ : AΘ → AΘ′ by
∀a ∈ A, ψΣ(a) := F
−1
(
e(T (x)) aˆx)x∈Ĝ
)
=
∑
x∈Ĝ
e(T (x)) ax,
and ΨΣ : H → H by ΨΣ :=
∑
x∈Ĝ e(T (x))Px; by construction, ψΣ defines a
G-equivariant bicontinuous linear map, whilst by the proof of Lemma 3.10, ΨΣ
converges to a G-invariant unitary that commutes with D. On the one hand, since
T (x+ y) −Θ(x,y) = −Θ′(x,y) + T (x) + T (y),
T (−x)−Θ(x,x) = −Θ(−x,−x)−Θ(x)
for all x, y ∈ Ĝ, it follows that ψΣ(ax ⋆Θ by) = ψΣ(ax) ⋆Θ′ ψΣ(by) and ψΣ(a∗Θx ) =
ψΣ(ax)
∗Θ′ for all isotypic elements a ∈ Ax and by ∈ Ay of A, and hence that
ψΣ defines a G-equivariant topological ∗-isomorphism. On the other hand, since
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T (x+y)−Θ(x,y)−T (y) = −Θ′(x,y) +T (x) for all x, y ∈ Ĝ, one can check that
ΨΣLΘ(ax)Ψ
∗
Σξy = LΘ′(ψΣ(ax))ξy for all isotypic elements ax ∈ Ax and ξy ∈ Hy of
A and H , respectively, so that ΨΣ spatially implements ψΣ. Thus, (ψΣ,ΨΣ) defines
aG-equivalence. Moreover, by the universal form of this construction, the collection
{(ψΣ,ΨΣ) | Σ ∈ Obj(SpTrG)} of G-equivalences defines a natural isomorphism
Ψ : CLΘ
∼
→ CLΘ′ . 
Thus, up to natural G-equivalence, we can define the Connes–Landi deformation
of (A, H,D) ∈ Obj(SpTrG) by θ ∈ H
2(Ĝ,T) to be (Aθ, H,D) := (AΘ, H,D) for
any representative Θ of θ; in fact, by Theorem 2.1, we can even take Θ ∈ B(Ĝ).
Remark 3.15. Mutatis mutandis, we have also shown that the functors RΘ,RΘ′ :
AlgG
∼
→ AlgG are naturally isomorphic if and only if Θ and Θ
′ are cohomologous.
Moreover, given T : Ĝ → T such that dT = Θ′ − Θ, and given the corresponding
explicit natural isomorphism ψT : RΘ
∼
→ RΘ′ , one can use the same construction,
yet again, to obtain a natural isomorphism ΨT : RA,Θ
∼
→ (ψTA)
∗ ◦RA,Θ′ of functors
ModG(A)
∼
→ModG(A). As a result, if A is a Fréchet pre-G-C∗-algebra and if E
is an f.g.p. G-A-module, then for any Θ ∈ Z2(Ĝ,T), EΘ is a f.g.p. G-AΘ-module.
Example 3.16. We continue from Example 2.26. For simplicity, let /S = TN ×
C2
⌊N/2⌋
be the spinor bundle and let /D be the spin Dirac operator on TN corre-
sponding to the trivial spin structure. Let θ ∈ ∧2RN and define Θ ∈ A(ZN ) by
Θ(x,y) := exp(12θ(x∗,y∗)) for x, y ∈ Ĝ, so that
(C∞(TNθ ), L
2(TNθ , /S), /D) := (C
∞(TN )Θ, L
2(TN , /S), /D)
is the smooth noncommutative N -torus with deformation parameter θ and trivial
spinor structure. Then ι([Θ])(x,y) = e(θ(x∗,y∗)) for all x, y ∈ ZN , so that
[Θ] = p(θ) for the universal covering map
p : ∧2RN ։ TN(N−1)/2 ∼= H2(ZN ,T), θ 7→ (exp(θ(ei, ej)))1≤i<j≤N ,
where {ei} denotes the standard ordered basis of RN , and hence, we have natural
G-equivalences (C∞(TNθ ), L
2(TNθ , /S), /D)
∼=G (C
∞(TN )Θ′ , L
2(TN , /S, /D) for every
representative Θ′ ∈ Z2(Ĝ,T) of p(θ). In particular, we could have used any of the
three constructions of Example 2.4 to obtain Θ′ ∈ B(ZN ); for instance, the alter-
nating bicharacter Θ fits precisely into the third construction. Observe, moreover,
that we can rewrite the defining commutation relations of C∞(TNθ ) as
∀x, y ∈ ZN , Uy ⋆Θ Ux = e(ι(p(θ))(x,y))Ux ⋆Θ Uy,
which, as a result, manifestly depend only on the cohomology class p(θ) = [Θ]
through its canonically associated alternating bicharacter ι(p(θ)). Thus, as is well
known in the literature on W ∗- and C∗-dynamical systems [2, 33, 35], the deforma-
tion parameter θ of a noncommutative N -torus C∞(TN ) is most naturally viewed
as an element of H2(ZN ,T) ∼= TN(N−1)/2.
Since the Connes–Landi deformations of a fixed G-equivariant spectral triple Σ
can be parametrized, up to natural G-equivalence, by the compact Abelian Lie
group H2(Ĝ,T), it is natural to ask which symmetries of H2(Ĝ,T) lift to uni-
tary equivalences or even more general Morita–Rieffel equivalences amongst (G-
equivalence classes of) Connes–Landi deformations of Σ. For the remainder of this
section, we discuss symmetries induced by automorphisms of the Lie group G.
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Now, the action of Aut(G) on G induces a right action of Aut(G) on Ĝ by
ϕˆ(x) := x ◦ ϕ for ϕ ∈ Aut(G) and x ∈ Ĝ, and hence, an action on Z2(Ĝ,T) by
∀Θ ∈ Z2(Ĝ,T), ∀ϕ ∈ Aut(G), ∀x,y ∈ Ĝ, ϕˆ∗Θ(x,y) := Θ(ϕˆ(x), ϕˆ(y)),
which, at last, descends to an action on H2(Ĝ,T) by ϕˆ∗[Θ] := [ϕˆ∗Θ] for ϕ ∈ Aut(G)
and Θ ∈ Z2(Ĝ,T). On the other hand, if Σ := (A, H,D) ∈ Obj(SpTrG), then
certain automorphisms of G can be viewed as acting non-isometrically on Σ.
Definition 3.17. Let Σ = (A, H,D) be a G-equivariant spectral triple. We call
ϕ ∈ Aut(G) implementable on Σ if there exist ψ ∈ Aut(A), Ψ ∈ U(H) such that
∀a ∈ A, ΨL(a)Ψ∗ = L(ψ(a)),
∀t ∈ G, ψ ◦ αt ◦ ψ
−1 = αϕ(t), ΨUtΨ
∗ = Uϕ(t),
in which case, we call (ψ,Ψ) an implementation of ϕ. We denote by AutΣ(G) the
subgroup of all implementable automorphisms in Aut(G).
The point, then, is that automorphisms of G implementable on a given G-
equivariant spectral triple Σ induce what can be viewed as non-equivariant, non-
isometric unitary equivalences amongst the Connes–Landi deformations of Σ.
Proposition 3.18 (cf. Venselaar [48, Corollary 2]). Let Σ = (A, H,D) be a G-
equivariant spectral triple. Let Θ ∈ Z2(Ĝ) and ϕ ∈ AutΣ(G). Any implementation
(ψ,Ψ) of ϕ defines a unitary equivalence (ψ,Ψ) : (Aϕˆ∗Θ, H,D)
∼
→ (AΘ, H,ΨDΨ
∗).
Proof. By definition, (ψ,Ψ) : (A, H,D)
∼
→ (A, H,ΨDΨ∗) is a unitary equivalence.
In particular, since (ψ,Ψ) implements ϕ, it follows that that ψ(Ax) = Aϕˆ−1(x) and
ΨHx = Hϕˆ−1(x) for all x ∈ Ĝ. Thus, for all isotypic ax ∈ Ax and ξy ∈ Hy,
ΨLϕˆ∗Θ(ax)ξy = e(ϕˆ
∗Θ(x,y))ΨL(ax)ξy = e(Θ(ϕˆ(x), ϕˆ(y)))L(ψ(ax))Ψξy
= LΘ(ψ(ax))Ψξy,
so that, indeed, ΨLϕˆ∗Θ(·)Ψ∗ = LΘ ◦ ψ. 
Thus, by a very mild abuse of notation, we can say that if Σ = (A, H,D) is a
G-equivariant spectral triple, then
∀ϕ ∈ AutΣ(G), ∀θ ∈ H
2(Ĝ,T), (Aϕˆ∗θ, H,D) ∼= (Aθ, H,Dϕ),
where, up to G-equivalence, (A, H,Dϕ) := (A, H,ΨDΨ∗) for any implementation
(ψ,Ψ) of ϕ; in other words, ϕ ∈ AutΣ(G) acts by non-isometric diffeomorphisms
on {Aθ | θ ∈ H2(Ĝ,T)} qua family of noncommutative manifolds.
Finally, let us observe that between the non-equivariant unitary equivalences of
Proposition 3.18 and the G-equivalences of Theorem 3.14, we have recovered all the
standard isomorphisms of smooth noncommutative tori.
Example 3.19 (Rieffel–Schwarz [42], Elliott–Li [18]). We continue from Exam-
ples 2.26 and 3.16. For R a commutative ring, let Skew(N,R) denote the R-module
of skewsymmetric N × N matrices with entries in R. Let {e1, . . . , eN} denote the
standard ordered basis of RN , and define an isomorphism ∧2RN
∼
→ Skew(N,R) by
Θ 7→ (Θ(ei, ej)), so that the universal cover p : ∧2RN ։ TN(N−1)/2 ∼= H2(ZN ,T)
is given by the composition
∧2RN ∼= Skew(N,R)։ Skew(N,R)/ Skew(N,Z) ∼= TN(N−1)/2 ∼= H2(ZN ,T).
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Let (C∞(TN ), L2(TN , /S), /D) be the TN -equivariant spectral triple of TN endowed
with the trivial spin structure, and recall that for any θ ∈ ∧2RN ∼= Skew(N,R) and
any representative Θ of p(θ),
(C∞(TNθ ), L
2(TNθ , /S), /D)
∼=G (C
∞(TN )Θ, L
2(TN , /S), /D).
On the one hand, by Theorems 2.1 and 3.14, for all θ, θ′ ∈ Skew(N,R),
(3.7) (C∞(TNθ ), L
2(TNθ , /S), /D)
∼=G (C
∞(TNθ′ ), L
2(TNθ′ , /S), /D)
if and only if p(θ) = p(θ′), if and only if θ′ − θ ∈ Skew(N,Z). On the other
hand, since L2(TN , /S) ∼= L2(TN ) ⊗ C2
⌊N/2⌋
, each automorphism ϕ ∈ Aut(TN ) ∼=
GL(N,Z) is implementable, viz, by (ϕ∗, ϕ∗ ⊗ Id), so that by Proposition 3.18, for
all ϕ ∈ GL(N,Z) and θ ∈ Skew(N,Z),
(3.8)
(C∞(TNϕθϕT ), L
2(TNϕθϕT , /S), /D)
∼= (C∞(TNθ ), L
2(TNθ , /S), (ϕ
∗ ⊗ Id) /D(ϕ∗ ⊗ Id)∗))
since p(ϕθϕT ) = ϕˆ∗p(θ).
Now, one can construct an action of the discrete group SO(N,N |Z) on a certain
dense subset T 0N ⊂ Skew(N,R) ∼= ∧
2RN of second category, such that the subgroups
GL(N,Z) and Skew(N,R) of SO(N,N | Z) act by
∀θ ∈ T 0N , ∀ν ∈ Skew(N,R), ∀R ∈ GL(N,Z), ν · θ := θ + ν, R · θ := RθR
T .
Rieffel and Schwarz [42] constructed, for every θ ∈ T 0N and g ∈ SO(N,N |Z), a
Morita–Rieffel equivalence of the algebras C∞(TNθ ) and C
∞(TNg·θ), which is a ∗-
isomorphism whenever g is in the subgroup generated by GL(N,Z) and Skew(N,Z);
Elliott and Li [18] then showed that for θ, θ′ ∈ T 0N , C
∞(TNθ ) and C
∞(TNθ′ ) are
Morita–Rieffel equivalent if and only if θ′ = g · θ for some g ∈ SO(N,N |Z). On the
one hand, since ker p = Skew(N,Z),
∀θ ∈ Skew(N,R), ∀ν ∈ Skew(N,Z), p(ν · θ) = p(θ + ν) = p(θ),
so that for all θ ∈ Skew(N,R) and ν ∈ Skew(N,Z), the ∗-isomorphism C∞(TNν·θ) ∼=
C∞(TNθ ) is recovered by the G-equivalence of Equation 3.7. On the other hand,
∀θ ∈ Skew(N,R), ∀R ∈ GL(N,Z) ∼= Aut(TN ), p(R · θ) = p(RθRT ) = Rˆ∗p(θ),
so that for all θ ∈ Skew(N,R) and R ∈ GL(N,Z), the ∗-isomorphism C∞(TNR·θ) ∼=
C∞(TNθ ) is recovered by the non-equivariant unitary equivalence of Equation 3.8.
4. Connes–Landi deformations of commutative spectral triples
At last, we turn to our main goal, the statement and proof of an extension of
Connes’s reconstruction theorem [14] to Connes–Landi deformations of G-equivari-
ant commutative spectral triples.
4.1. A reconstruction theorem. We begin by recalling the statement of the
reconstruction theorem for commutative spectral triples, which one can interpret
as a partial analogue for spectral triples of Gel’fand–Na˘ımark duality.
First, recall that a Dirac-type operator on a compact oriented Riemannian man-
ifold (X, g) is a first order differential operator D on a Hermitian vector bundle
E → X , such that [D, f ]2 = −g(df, df) IdE for all f ∈ C∞(X), or equivalently,
such that D2 = −
∑
i,j g
ij ∂
∂xi
∂
∂xj + lower order terms in local coordinates. In
particular, if X is a compact oriented Riemannian manifold and D is an essen-
tially self-adjoint Dirac-type operator on a Hermitian vector bundle E → X , then
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(C∞(X), L2(X,E), D) defines a regular spectral triple with commutative algebra.
One can check that every such spectral triple satisfies the following definition.
Definition 4.1 (Connes [13, 14]). Let (A, H,D) be a regular spectral triple, let
p ∈ N. One calls (A, H,D) a p-dimensional commutative spectral triple if A is
commutative and if the following conditions all hold:
(1) Dimension: The eigenvalues {λn}n∈N of (D
2 + 1)−1/2, counted with multi-
plicity and arranged in decreasing order, satisfy λn = O(n−1/p) as n→ +∞.
(2) Order one: For all a, b ∈ A, [[D,L(a)], L(b)] = 0.
(3) Orientability: Define ε : A⊗(p+1) → A⊗(p+1) by setting
∀a0, a1, . . . , ap ∈ A, ε(a0 ⊗ a1 ⊗ · · · ⊗ ap) :=
1
p!
∑
pi∈Sp
(−1)pia0 ⊗ api(1) ⊗ · · · ⊗ api(p),
and call c ∈ A⊗(p+1) antisymmetric if ε(c) = c. Define πD : A⊗(p+1) →
B(H) by πD(a0 ⊗ a1 ⊗ · · · ⊗ ap) := L(a0)[D,L(a1)] · · · [D,L(ap)] for all
a0, a1, . . . , ap ∈ A. There exists an antisymmetric c ∈ A⊗(p+1), such that
χ := πD(c) is a self-adjoint unitary, satisfying
∀a ∈ A, L(a)χ = χL(a), [D,L(a)]χ = (−1)p+1χ[D,L(a)].
(4) Finiteness and absolute continuity: The subspace H∞ := ∩k Dom|D|
k
defines a finitely generated projective A-module admitting a Hermitian
metric ( · , · ), such that 〈ξ, η〉 =
ffl
L ((ξ, η)) for all ξ, η ∈ H∞, whereffl
: B(H) ∋ T 7→ Trω(T (D
2 + 1)−p/2) for Trω a fixed Dixmier trace.
(5) Strong regularity: For all T ∈ EndA(H∞), T ∈ ∩k Dom[|D|, ·]k.
Remark 4.2. Connes’s own definition of commutative spectral triple and statement
of the reconstruction theorem involves a stronger orientability condition, modelled
on the case of twisted spinC Dirac operators on compact spinC manifolds. However,
one can show that the condition given above is sufficient [9, Proof of Corollary 2.19].
The reconstruction theorem, which Connes conjectured in 1996 [13] and then
proved in 2008 [14], after a substantial attempt by Rennie and Várilly [38] in 2006,
can now be stated as follows.
Theorem 4.3 (Connes [14, Theorem 1.1]). Let (A, H,D) be a p-dimensional com-
mutative spectral triple. There exist a compact oriented Riemannian p-manifold
X, a Hermitian vector bundle E → X, and an essentially self-adjoint Dirac-type
operator DE on E, such that (A, H,D) ∼= (C
∞(X), L2(X,E), DE).
Remark 4.4. The reconstructed differential-geometric data (X,E,DE) is unique up
to orientation-preserving isometric diffeomorphisms covered by unitary bundle mor-
phisms intertwining the Dirac-type operators. Indeed, suppose we are given a uni-
tary equivalence (ψ,Ψ) : (C∞(X1), L2(X1, E1), D1)
∼
→ (C∞(X2), L
2(X2, E2), D2)
of concrete commutative spectral triples. By a result of Mrčun [34], there exists a
unique diffeomorphism ϕ : X1 → X2 such that ψ(f) = f ◦ϕ−1 for all f ∈ C∞(X1);
since ΨD1Ψ∗ = D2, it follows, by the Serre–Swan theorem, that Ψ is induced by
a unitary bundle endomorphism Φ : E1 → E2 covering ϕ and intertwining D1 and
D2, and hence, that ϕ is isometric and orientation-preserving.
Now, once more, let G be a fixed compact Abelian Lie group. We define a com-
pact oriented Riemannian G-manifold to be a compact oriented Riemannian man-
ifold X together with a smooth action σ : G → Diff(X) by orientation-preserving
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isometries. If (X, σ) is a compact oriented Riemannian G-manifold, then we define
a G-equivariant Hermitian vector bundle over X to be a Hermitian vector bundle
E
X
−→ together with a smooth action U : G→ Diff(E) by fibrewise unitaries, such
that p ◦ Ut = Ut ◦ p for all t ∈ G. Finally, if (E,U) → (X, σ) is a G-equivariant
Hermitian vector bundle over a compact oriented Riemannian G-manifold, then we
define a G-invariant Dirac-type operator on E to be a Dirac-type operator on E
such that UtDU∗t = D for all t ∈ G.
Let X be a compact oriented Riemannian G-manifold, let E → X be a G-
equivariant Hermitian vector bundle, and let D be an essentially self-adjoint G-
invariant Dirac-type operator on E. Then, in particular, (C∞(X), L2(X,E), D)
defines a G-equivariant concrete commutative spectral triple, to which one can
apply Connes–Landi deformation—in the literature, the resulting spectral triples
are often called toric noncommutative manifolds [46]. We propose the following
abstract definition for the Connes–Landi deformation of a G-equivariant spectral
triple by a cohomology class θ ∈ H2(Ĝ,T).
Definition 4.5. Let (A, H,D) be a G-equivariant regular spectral triple, let θ ∈
H2(Ĝ,T), and let p ∈ N. We shall call (A, H,D) a p-dimensional θ-commutative
spectral triple if the following conditions all hold:
(0) Order zero: The algebra A is θ-commutative, viz,
∀x,y ∈ Ĝ, ∀ax ∈ Ax, ∀by ∈ Ay, byax = e(ι(θ)(x,y)) axby,
so that R := π−ι(θ) : Aop = A−ι(θ) → B(H) defines a G-equivariant ∗-
homomorphism, such that for all a, b ∈ A, [L(a), R(b)] = 0.
(1) Dimension: The eigenvalues {λn}n∈N of (D
2 + 1)−1/2, counted with multi-
plicity and arranged in decreasing order, satisfy λn = O(n−1/p) as n→ +∞.
(2) Order one: For all a, b ∈ A, [[D,L(a)], R(b)] = 0.
(3) Orientability: Define εθ : A⊗(p+1) → A⊗(p+1) by
εθ(a0 ⊗ a1 ⊗ · · · ⊗ ap)
:=
1
p!
∑
pi∈Sp
exp
2πi∑
i<j
pi(i)>pi(j)
ι(θ)(xpi(i),xpi(j))
 (−1)pia0 ⊗ api(1) ⊗ · · · ⊗ api(p)
for isotypic elements a0 ∈ Ax0 , . . . , ap ∈ Axp ofA, and say that c ∈ A
⊗(p+1)
is θ-antisymmetric if εθ(c) = c. Define πD : A⊗(p+1) → B(H) by
∀a0, a1, . . . , ap ∈ A, πD(a0 ⊗ a1 ⊗ · · · ⊗ ap) := L(a0)[D,L(a1)] · · · [D,L(ap)].
There exists a G-invariant θ-antisymmetric c ∈ A⊗(p+1), such that χ :=
πD(c) is a self-adjoint unitary, satisfying
∀a ∈ A, L(a)χ = χL(a), [D,L(a)]χ = (−1)p+1χ[D,L(a)].
(4) Finiteness and absolute continuity: The subspace H∞ := ∩k Dom|D|
k de-
fines a G-equivariant finitely-generated projective right A-module admit-
ting a G-equivariant Hermitian metric ( · , · ), such that 〈ξ, η〉 =
ffl
R ((ξ, η))
for all ξ, η ∈ H∞, where
ffl
: B(H) ∋ T 7→ Trω(T (D
2 + 1)−p/2) for Trω a
fixed Dixmier trace.
(5) Strong regularity: For all T ∈ EndAop(H∞), T ∈ ∩k Dom([|D|, ·]k).
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Remark 4.6. By regularity, H∞ is necessarily a left A-module, and hence, by the
proof of Proposition 3.7, defines a right A-module via R := π−ι(θ)(A) : Aop →
B(H), so that the finiteness, absolute continuity, and strong regularity conditions
are well-posed. The importance of such a bimodule structure for noncommutative
Riemannian geometry via spectral triples, independent of any real structure, has
already been observed by Lord, Rennie, and Várilly [30].
Remark 4.7. The cohomology class θ completely governs the noncommutativity of
a θ-commutative spectral triple; in particular, a 0-commutative spectral triple is
precisely a G-equivariant commutative spectral triple.
Remark 4.8. This definition is robust with respect to G-equivalence, for if a G-
equivariant spectral triple (A, H,D) is G-equivalent to a p-dimensional θ-commu-
tative spectral triple, then (A, H,D) itself defines a p-dimensional θ-commutative
spectral triple.
Remark 4.9. By θ-commutativity of A, the standard proof that an antisymmetric
Hochschild p-chain for a commutative algebra yields a Hochschild p-cycle [22, Propo-
sition 8.10], mutatis mutandis, shows that a θ-antisymmetric Hochschild p-chain
c ∈ A⊗(p+1) necessarily defines a Hochschild p-cycle for A.
Our main technical result is the following theorem, which simultaneously guar-
antees that our abstract definition describes Connes–Landi deformations of G-
equivariant commutative spectral triples, and facilitates the extension of Connes’s
reconstruction theorem to θ-commutative spectral triples; we defer its proof to §4.2.
Theorem 4.10. Let (A, H,D) be a p-dimensional θ0-commutative spectral triple
and let θ ∈ H2(Ĝ,T). Then (Aθ , H,D) defines a p-dimensional (θ0+ θ)-commutat-
ive spectral triple.
Since a G-equivariant concrete commutative spectral triple is 0-commutative,
we immediately recover the basic results of Connes and Landi and of Connes and
Dubois-Violette on noncommutative toric manifolds, except phrased in terms of our
definition, instead of the notion of noncommutative spin geometry.
Corollary 4.11 (Connes–Landi [16, Theorem 6], Connes–Dubois-Violette [15, The-
orem 9]). Let X be a compact p-dimensional oriented Riemannian G-manifold,
let E → X be a G-equivariant Hermitian vector bundle, and let D be an essen-
tially self-adjoint G-invariant Dirac-type operator on E. For any θ ∈ H2(Ĝ,T),
(C∞(X)θ, L
2(X,E), D) defines a p-dimensional θ-commutative spectral triple.
Example 4.12 (Gabriel–Grensing [21, Theorem 5.5], cf. Rieffel [41, §4]). Let G be
a compact Lie group, let (A,α) be a unital G-C∗-algebra such that α is faithful and
ergodic (i.e., AG = C), and let τ : A→ C be the unique G-invariant trace. Gabriel
and Grensing [21], following Rieffel [41], construct a spectral triple for A as follows.
Let A := {a ∈ A | G ∋ t 7→ αt(S) is norm-smooth} and let (H,U) be a covariant
∗-representation of (A,α), such that H := {ξ ∈ H | G ∋ t 7→ Utξ is norm-smooth}
defines a left Hermitian f.g.p. G-A-module, satisfying 〈ξ, η〉 = τ((ξ, η)) for all ξ,
η ∈ H. Let {X1, . . . , XN} be an orthonormal basis for g := Lie(G), and let c :
Cl(g) → B(/S(g)) be the spinor representation of the Clifford algebra Cl(g) of g,
with the convention that c(X)c(Y )+c(Y )c(X) = −2〈X,Y 〉 and c(X)∗ = −c(X) for
all X , Y ∈ g. Finally, let DA,H :=
∑N
k=1(α∗)Xk ⊗c(Xk). Then (A, H⊗ /S(g), DA,H)
defines an N+-summable G-equivariant spectral triple.
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Now, suppose that G is Abelian. By results of Albeverio and Høegh-Krohn [2]
and of Olesen, Pedersen, and Takesaki [35], there exists a unique class θ ∈ H2(Ĝ,T)
such that A ∼= C∞(G)θ. The explicit construction above, together with the
standard construction of the orientation cycle on noncommutative tori [22, Lem-
mata 12.5–6], implies that (A, H ⊗ /S(g), DA,H) is indeed an N -dimensional θ-
commutative spectral triple. In fact, using the results of § 2.4, one can check that
(A, H ⊗ /S(g), DA,H) ∼=G (C
∞(G)θ , L
2(G, /S ⊗ VH), /D ⊗ Id), where /S := G × /S(g)
is the spinor bundle and /D is the spin Dirac operator corresponding to the trivial
spin structure on G, whilst VH is the finite-dimensional unitary representation of
G such that H ∼= (C∞(G)⊗ VH)Θ as left Hermitian f.g.p. G-A-modules.
Finally, suppose that (A, H,D) is a p-dimensional θ-commutative spectral triple.
Then, by Theorem 4.10, (A−θ, H,D) is now a p-dimensional 0-commutative spectral
triple, i.e., a G-equivariant p-dimensional commutative spectral triple. Hence, we
may apply Connes’s reconstruction theorem for commutative spectral triples to
yield its extension to Connes–Landi deformations of commutative spectral triples.
Theorem 4.13 (cf. Connes [14, Theorem 1.1]). Let (A, H,D) be a p-dimensional
θ-commutative spectral triple. There exist a compact p-dimensional oriented Rie-
mannian G-manifold X, a G-equivariant Hermitian vector bundle E → X, and an
essentially self-adjoint G-invariant Dirac-type operator DE on E such that
(A, H,D) ∼=G (C
∞(X)θ, L
2(X,E), DE).
Remark 4.14. As it stands, the class θ ∈ H2(Ĝ,T) is necessarily part of the data of
a θ-commutative spectral triple (A, H,D) qua abstract Connes–Landi deformation
of a G-equviariant commutative spectral triple. In general, it need not be unique,
and it is only in the case where G acts ergodically on A, in the sense that AG = C,
that one can apply the classification results of Albeverio and Høegh-Krohn [2] and
of Olesen, Pedersen, and Takesaki [35] for ergodic W ∗- and C∗-dynamical systems
to extract a candidate deformation parameter θ ∈ H2(Ĝ,T).
4.2. The proof of Theorem 4.10. We now give a proof of Theorem 4.10. Let
(A, H,D) be a p-dimensional θ0-commutative spectral triple and let θ ∈ H2(Ĝ,T).
By Theorems 2.1 and 3.14, let Θ ∈ B(Ĝ) be a bicharacter representing θ. The claim
is that (AΘ, H,D) defines a p-dimensional (θ0 + θ)-commutative spectral triple.
By Theorem 3.7, we know that (AΘ, H,D) defines a G-equivariant spectral
triple; in particular, since the operator D is untouched, the deformed spectral triple
(AΘ, H,D) trivially satisfies the same dimension condition as (A, H,D). Thus, it
remains to show that (AΘ, H,D) satisfies the order zero, order one, orientability,
finiteness and absolute continuity, and strong regularity conditions for a (θ0 + θ)-
commutative spectral triple. For convenience, let LΘ := πΘ ◦ L : AΘ → B(H)
denote the left ∗-representation of AΘ on H defining (AΘ, H,D).
4.2.1. Order zero; order one. First, since A is θ0-commutative and
(4.1) ∀x, y ∈ Ĝ, −Θ(y,x) + ι(θ0)(x,y) = ι(θ0 + θ)(x,y) −Θ(x,y),
it follows that by⋆Θax = e(ι(θ0 + θ)(x,y)) ax⋆Θby for all isotypic elements ax ∈ Ax,
by ∈ Ay of A, i.e., that AΘ is (θ0 + θ)-commutative. Together with Equation 4.1,
this implies that the opposite algebra (AΘ)op of AΘ is precisely (AΘ)−ι(θ) = AΘt ,
which admits the G-equivariant ∗-representation RΘ : (AΘ)op → B(H) defined by
RΘ := π−ι(θ0+θ) ◦ LΘ = π−ι(θ0+θ)+Θ ◦ L = πΘt−ι(θ0) ◦ L = πΘt ◦R.
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Now, let ax ∈ Ax and by ∈ Ay be isotypic elements of A. On the one hand,
recall that [L(ax), R(by)] = 0 by the order zero condition on (A, H,D), and on the
other hand, observe that
LΘ(ax) = πΘ(L(ax)) = L(ax)U−Θ(x,·), RΘ(by) = πΘt(R(by)) = R(by)U−Θt(x,·)
since Θ was chosen to be a bicharacter. Thus,
LΘ(ax)RΘ(by)−RΘ(by)LΘ(ax)
=e(Θ(x,y))L(ax)R(by)U−Θ(x,·)−ΘT (y,·) − e
(
ΘT (y,x)
)
R(by)L(ax)U−ΘT (y,·)−Θ(x,·)
=0,
so that the order zero condition is satisfied. Similarly, since [[D,L(ax)], R(by)] = 0
by the order one condition on (A, H,D), and, by the proof of Theorem 3.7,
[D,LΘ(ax)] = πΘ([D,L(ax)]) = [D,L(ax)]U−Θ(x,·),
it follows that [[D,LΘ(ax)], RΘ(by)] = 0, so that the order one condition is satisfied.
4.2.2. Orientability. For convenience, let the maps πD : A⊗(p+1) → B(H) and
πΘ,D : A
⊗(p+1)
Θ → B(H) be given by
πD(a0 ⊗ a1 ⊗ · · · ⊗ ap) := L(a0)[D,L(a1)] · · · [D,L(ap)],
πΘ,D(a0 ⊗ a1 ⊗ · · · ⊗ ap) := LΘ(a0)[D,LΘ(a1)] · · · [D,LΘ(ap)],
for all a0, . . . , ap ∈ A. Since χ = πD(c) is G-invariant, we have πΘ(S)χ = πΘ(Sχ)
and χπΘ(S) = πΘ(χS) for all S ∈ B∞(H), and hence, by the proof of Theorem 3.7,
∀a ∈ A, LΘ(a)χ = χLΘ(a), [D,LΘ(a)]χ = (−1)
p+1χ[D,LΘ(a)].
Thus, it suffices to construct a G-invariant ι(θ0 + θ)-antisymmetric cΘ ∈ A
⊗(p+1)
Θ
such that πΘ,D(cΘ) = πD(c) =: χ. The key to doing so will be the following lemma.
Lemma 4.15. Define Θ∗ : A
⊗(p+1) → A
⊗(p+1)
Θ by setting
Θ∗(a0 ⊗ a1 ⊗ · · · ⊗ ap) := e
∑
i<j
Θ(xi,xj)
 a0 ⊗ a1 ⊗ · · · ⊗ ap
for isotypic a0 ∈ Ax0 , . . . , ap ∈ Axp . Then Θ∗ is G-equivariant and satisfies
εθ0+θ ◦Θ∗ = Θ∗ ◦ εθ0 , πD|(A⊗(p+1))G = πΘ,D ◦Θ∗|(A⊗(p+1)Θ )G
.
Proof. The map Θ∗ is G-equivariant by construction, so let us turn to the rest of
the claim. We first check that εθ0+θ ◦Θ∗ = Θ∗ ◦ εθ0. Without loss of generality, let
s := a0⊗a1⊗· · ·⊗ap for isotypic elements a0 ∈ Ax0 , . . . , ap ∈ Axp of A, since finite
linear combinations of such tensors are dense in A⊗(p+1). Then, by Equation 4.1,
−
∑
1≤i<j
pi(i)>pi(j)
ι(θ0 + θ)(xi,yj) +
∑
i<j
Θ(xi,xj)
=
∑
j≥1
Θ(x0,xpi(j)) +
∑
i,j≥1
pi(i)<pi(j)
Θ(xpi(i),xpi(j))−
∑
i<j
pi(i)>pi(j)
ι(θ0)(xi,xj)
for all permutations π ∈ Sp, so that, indeed, εθ0+θ(Θ∗s) = Θ∗(εθ0(s)).
Now, let us check that πD|(A⊗(p+1))G = πΘ,D ◦ Θ∗|(A⊗(p+1)Θ )G
. Without loss of
generality, let s := a0 ⊗ a1 ⊗ · · · ⊗ ap for isotypic elements a0 ∈ Ax0 , . . . , ap ∈ Axp
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of A with x0 + x1 + · · · + xp = 0, since finite linear combinations of such tensors
are dense in (A⊗(p+1))G. Since s is G-invariant, so too is πD(s), so that
πΘ,D(s) = πΘ
e
−∑
i
Θ
xi,∑
i<j
xj
 πD(s)
 = e
−∑
i<j
Θ(xi,xj)
πD(s),
and hence, πΘ,D(Θ∗s) = e
(∑
i<j Θ(xi,xj)
)
πΘ,D(s) = πD(s). 
Now, set cΘ := Θ∗c. By Lemma 4.15, since c is G-invariant, so too is cΘ, and
since c is θ0-antisymmetric, εθ0+θ(cΘ) = εθ0+θ(Θ∗(c)) = Θ∗(εθ0(c)) = Θ∗(c) = cΘ,
so that cΘ is (θ0 + θ)-antisymmetric, and πΘ,D(cθ) = πσ,D(Θ∗c) = πD(c) = χ.
Remark 4.16. This construction can be viewed as the distillation of an argument
of Connes and Dubois–Violette [15, Proposition 3, Proof of Theorem 9] concerning
deformed differential calculi and Hochschild homology. In addition, it recovers
the standard construction of orientation cycles on noncommutative n-tori from the
usual translation-invariant volume form on the flat n-torus [22, pp. 546–7].
4.2.3. Finiteness and absolute continuity. Let us first consider finiteness. By finite-
ness and absolute continuity for (A, H,D), we know that H∞ := ∩k Dom|D|
k de-
fines a right Hermitian f.g.p G-A-module, and so, by Proposition 2.33, defines a
Hermitian Fréchet G-A-module for the Fréchet topology induced by any inclusion
of H∞ as a complementable subspace of AN for some N ∈ N. On the other hand,
the dense subspace H∞ qua smooth domain of D admits the Fréchet topology de-
fined by the Sobolev seminorms ‖ · ‖k, where ‖ξ‖k := ‖|D|
k
ξ‖ =
√
〈ξ,D2kξ〉 for all
k ∈ N and ξ ∈ H∞. To show that (AΘ, H,D) satisfies finiteness, it suffices to show
that these topologies on H∞ coincide, since in that case, one can easily check on
isotypic elements that H∞ endowed with the right ∗-representation
RΘ := π−ι(θ0+θ) ◦ LΘ = πΘt ◦R : (AΘ)
op → B(H)
of AΘ is precisely the deformation (H∞)Θ of H∞ qua Hermitian Fréchet G-A-
module, and hence, by Theorem 2.35, defines a Hermitian f.g.p. G-AΘ-module.
Lemma 4.17 (Connes [14, Proposition 2.3.(5)–(6)]). There exists a bicontinuous
G-equivariant isomorphism ψ : H∞
∼
→ e(V ⊗A) of Hermitian Fréchet G-A-modules,
where V is a finite-dimensional unitary representation of G and e ∈ (B(V )⊗A)G
is an orthogonal projection. In particular, the maps
H∞ ×A → H∞, (ξ, a) 7→ R(a)ξ; H∞ ×H∞ → A, (ξ, η) 7→ (ξ, η);
are jointly continuous, and the G-action on H∞ is strongly smooth.
Proof. By Proposition 2.33, let ψ : H∞
∼
→ e(V ⊗A) be an algebraic G-equivariant
isomorphism of the desired form; we merely apply the proof of [14, Proposition
2.3.(5)–(6)], mutatis mutandis. Since the multiplication on A defines a jointly con-
tinuous map A × A → A, e(V ⊗ A) is a closed subspace of V ⊗ A, and thus is
complete. Now, define ϕ : V ⊗A։ H∞ by
∀v ∈ V, ∀a ∈ A, ϕ(v ⊗ a) := ψ−1(e(v ⊗ a)) = R(a)ψ−1(e(v ⊗ 1)),
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and observe that R(A) = πι(θ)(L(A)) ⊂ ∩k Dom([|D|, ·]k by the proof of proposi-
tion 3.7. Since [14, Eq. 7]
(4.2) ∀T ∈ ∩k Dom[|D|, ·]
k, ∀ξ ∈ H∞, |D|
m
Tξ =
m∑
k=0
(
m
k
)
[|D|, ·]k(T )|D|
m−k
ξ,
the map ϕ : V ⊗ A ։ H∞ is surjective and continuous, and hence, by the open
mapping theorem, is open. Thus, ϕ|e(V⊗A) = ψ
−1 is a bijective and continuous,
and thus is bicontinuous, as was claimed; in particular, the action of G on H∞ is
smooth since the action of G on e(V ⊗A) is. The rest of the claim then follows from
bicontinuity of ψ together with joint continuity of the multiplicationA×A→ A. 
Let us now turn to absolute continuity. On the one hand, recall that by absolute
continuity of (A, H,D), for some fixed Dixmier trace Trω on B(H), we can write
∀ξ, η ∈ H∞, 〈ξ, η〉 =
 
R((ξ, η)) := Trω
(
R((ξ, η))(D2 + 1)−p/2
)
.
On the other hand, since H∞ qua right f.g.p. G-AΘ-module is simply the deforma-
tion (H∞)Θ ofH qua right f.g.p. G-A-module, it admits the deformed G-equvariant
Hermitian metric 〈 · , · 〉Θ defined by
∀ξ, η ∈ H∞, (ξ, η)Θ =
∑
x,y∈Ĝ
e(Θ(x− y,x)) (ξˆ(−x+ y), ηˆ(y)),
which satisfies, by G-equivariance of R and RΘ,
∀ξ, η ∈ H∞, F0(RΘ((ξ, η)Θ) = R
∑
x∈Ĝ
(ξˆ(x), ηˆ(x))
 = F0(R((ξ, η))).
Thus, to prove absolute continuity with respect to ( · , · )Θ, viz,
∀ξ, η ∈ H∞, 〈ξ, η〉 =
 
RΘ((ξ, η)Θ) = Trω
(
RΘ((ξ, η)Θ)(D
2 + 1)−p/2
)
,
it suffices to prove the following lemma.
Lemma 4.18. Let Trω be any Dixmier trace on B(H). Then
(4.3) ∀T ∈ Bc(H), Trω(T (D2 + 1)−p/2) = Trω(F0(T )(D2 + 1)−p/2).
Proof. For convenience, let
ffl
: B(H)→ C be defined by
ffl
T := Trω(S(D
2+1)−p/2)
for S ∈ B(H). Since the Dixmier trace Trω : M1,∞(H) → C is continuous on
the Lorentz ideal M1,∞(H), which is symmetric, it follows that
ffl
is continuous
for the uniform topology on B(H). Moreover, since D is G-invariant and since
Dixmier traces are unitarily invariant, it follows that
ffl
is G-invariant for the action
β : G → Aut(B(H)) defined by βt(T ) = UtTU∗t for all t ∈ G and T ∈ B(H);
in particular, for any T ∈ Bc(H), the map G ∋ t 7→ βt(T ) is continuous for the
uniform topology on B(H). Thus, for any T ∈ Bc(H), (ˆ
G
UtTU
∗
t dt
)
=
ˆ
G
( 
UtTU
∗
t
)
dt =
ˆ
G
( 
T
)
dt =
 
T
by continuity of
ffl
: B(H)→ C and of G ∋ t 7→ βt(T ). 
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4.2.4. Strong regularity. By our proof above of finiteness and absolute continuity,
we can exactly identify H∞ qua right Hermitian f.g.p. G-AΘ-module with the defor-
mation (H∞)Θ of H∞ qua right Hermitian f.g.p. G-A-module, where the topology
ofH∞ qua smooth domain of D can be identified with the topology ofH∞ qua f.g.p.
G-A- or AΘ-module. Hence, by Corollary 2.35, we have a G-equvariant topological
∗-isomorphism πΘ : EndA(H∞)Θ
∼
→ EndAΘ(H∞) that coincides precisely with the
restriction of the map πΘ : B∞(H)Θ
∼
→ B∞(H) of Lemma 3.12, so that
EndAΘ(H∞) = πΘ(EndA(E)) ⊂ πΘ
(
B∞(H) ∩
(
∩k Dom[|D|, ·]
k
))
⊂ B∞(H) ∩
(
∩k Dom[|D|, ·]
k
)
.
Thus, (AΘ, H,D) satisfies the last remaining condition for a (θ0 + θ)-commutative
spectral triple. 
5. Rational Connes–Landi deformations
5.1. A refined splitting homomorphism. Finally, we consider the case of ra-
tional Connes–Landi deformations of G-equivariant commutative spectral triples,
viz, Connes–Landi deformations by a deformation parameter θ ∈ H2(Ĝ,T) of finite
order. Our main tool will be a certain refinement of the so-called splitting homo-
morphism of Connes and Dubois-Violette [15], which will allow us to effect rational
Connes–Landi deformations using only a finite subgroup of G.
We begin by recalling the Connes–Dubois-Violette splitting homomorphism. For
notational convenience, we make the following definition.
Definition 5.1 (Olesen–Pedersen–Takesaki [35, §2.2]). If (A, α) is a nuclear Fréchet
G-∗-algebra and (B, β) is a Fréchet G-∗-algebra, then we define their G-product to
be the Fréchet G-∗-algebra (A⊠G B, α⊠G β), where
A⊠G B := {w ∈ A⊗ˆB | ∀t ∈ G, (αt ⊗ Id)(w) = (Id⊗βt)(w)},
∀t ∈ G, ∀w ∈ A⊠G B, (α⊠G β)t(w) := (α⊗ Id)(w) = (Id⊗βt)(w).
Similarly, if U : G → U(H) and V : G → U(K) are unitary representations of G,
then we define their G-product to be the unitary representation U ⊠G V : G →
U(H ⊠G K) of G, where
H ⊠G K := {ξ ∈ H ⊗K | ∀t ∈ G, (Ut ⊗ 1)ξ = (1⊗ Vt)ξ},
∀t ∈ G, ∀ξ ∈ H ⊠G K, (U ⊠G V )t ξ := (Ut ⊗ 1)ξ = (1⊗ Vt)ξ.
Now, let (A, α) be a Fréchet G-∗-algebra and let L : A → B(H) be a G-
equivariant continuous ∗-representation of A on a Hilbert space H . As was al-
ready observed by Rieffel [40], it is convenient to G-equivariantly identify A∞
with C∞(G,A)G ∼= C∞(G)⊠G A via the G-equivariant topological ∗-isomorphism
A∞
∼
→ C∞(G,A) defined by A ∋ a 7→ α•(a), for this now induces an isomorphism
AΘ
∼
→ C∞(G) ⊠G A for any Θ ∈ Z2(Ĝ,T); this is the splitting homomorphism
of Connes and Dubois-Violette [15, §11], sensu stricto. However, one can also G-
equivariantly identify H with L2(G,H)G ∼= L2(G) ⊠G H via the G-equivariant
unitary H
∼
→ L2(G,H)G defined by H ∋ ξ 7→ U• ξ, and hence G-equivariantly iden-
tify L : A → B(H) with the G-equivariant continuous ∗-representation M ⊠G L :
C∞(G) ⊠G A → B(L
2(G) ⊠G H) defined by M ⊠G L(w) := M ⊗ L|L2(G)⊠GH
for all w ∈ C∞(G) ⊠G A. Thus, we can identify the deformed ∗-representation
LΘ : AΘ → B(H) underpinning Connes–Landi deformation with MΘ ⊠G L :
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C∞(G)Θ ⊠G A → B(L
2(G)⊠G H), where MΘ : C∞(G)→ B(L2(G)) is defined by
MΘ(f1)f2 := f1 ⋆Θ f2 for all f1, f2 ∈ C∞(G). As a result, one obtains the splitting
homomorphism as an alternative construction of Connes–Landi deformation.
Theorem 5.2 (Connes–Dubois-Violette [15, §§11, 13]). Let (A, H,D) be a G-
equivariant spectral triple and let Θ ∈ Z2(Ĝ,T). For each x ∈ Ĝ, let Ux := e ◦ x ∈
C∞(G,U(1)). The maps ϕ : AΘ → C
∞(G)Θ ⊠GA, Φ : H → L
2(G)⊠GH given by
∀a ∈ AΘ, ϕ(a) :=
∑
x∈Ĝ
Ux ⊗ aˆ(x), ∀ξ ∈ H, Φ(ξ) :=
∑
x∈Ĝ
Ux ⊗ Pxξ,
together define a G-equivalence
(ϕ,Φ) : (AΘ, H,D)
∼
→
(
C∞(G)Θ ⊠G A, L
2(G)⊠G H, 1⊗D|L2(G)⊠GH
)
,
For our purposes, however, we shall need a refinement of the splitting homomor-
phism, which will effect Connes–Landi deformation along a G-action by a deforma-
tion parameter θ ∈ H2(Ĝ,T) in terms of a canonically associated subgroup Im θ
of G and a canonically associated pushforward θnd ∈ H2(Îm θ,T), such that the
algebra C∞(Im θ)θnd is necessarily simple.
Definition 5.3. Let θ ∈ H2(Ĝ,T). We define the image of θ to be the Lie subgroup
Im θ := {ι(θ)(x, ·) | x ∈ Ĝ} = {ι(θ)(·,x) | x ∈ Ĝ} ≤ G,
whilst we define the kernel of θ to be the subgroup
Ker θ := {x ∈ Ĝ | ι(θ)(x, ·) = 0} = {x ∈ Ĝ | ι(θ)(·,x) = 0} ≤ Ĝ.
Now, since Ker θ = {x ∈ Ĝ | ∀t ∈ Im θ, 〈x, t〉 = 0} is the annihilator of Im θ in
Ĝ, it follows by Pontrjagin duality that Îm θ = Ĝ/Ker θ. Hence, one can make the
following definition, which is the key to the question of the simplicity of C∞(G)Θ.
Definition 5.4. A class θ ∈ H2(Ĝ,T) is called nondegenerate if and only if Ker θ =
0, if and only if Im θ = G.
Theorem 5.5 (Slawny [45, Theorem 3.7]). Let Θ ∈ Z2(Ĝ,T). The algebra C∞(G)Θ
is simple if and only if [Θ] ∈ H2(Ĝ,T) is nondegenerate.
Now, since Îm θ = Ĝ/Ker θ, the alternating bicharacter ι(θ) ∈ A(Ĝ) descends
to the alternating bicharacter ω ∈ A(Îm θ) defined by ω([x], [y]) := ι(θ)(x,y) for x,
y ∈ Ĝ, which satisfies {[x] ∈ Îm θ | ω([x], ·) = 0} = {[x] ∈ Îm θ | ω(·, [x]) = 0} = 0.
Hence, we can make the following definition.
Definition 5.6 (cf. Baggett–Kleppner [3, Theorem 3.1]). Let θ ∈ H2(Ĝ,T). We
define the nondegenerate part of θ to be the unique nondegenerate class θnd ∈
H2(Îm θ,T) such that ι(θnd)([x], [y]) = ι(θ)(x,y) for all x, by ∈ Ĝ.
Note that by Slawny’s theorem, for any representative Θnd ∈ Z2(Îm θ,T) of θnd,
the algebra C∞(Im θ)θnd is guaranteed to be simple. Thus, we can now give our
refinement of the Connes–Dubois-Violette splitting homomorphism.
Theorem 5.7. Let (A, H,D) be a G-equivariant spectral triple. Let θ ∈ H2(Ĝ,T),
let Θnd ∈ Z
2(Îm θ,T) be a representative of θnd, and let Θ ∈ Z
2(Ĝ,T) be the
pullback of Θnd to a representative of θ, viz, Θ(x,y) := Θnd([x], [y]) for all x,
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y ∈ Ĝ. For each [x] ∈ Îm θ, let U[x] := e ◦ [x] ∈ C
∞(Im θ,U(1)). The maps
ϕθ : AΘ → C
∞(Im θ)Θnd ⊠Im θ A and Φθ : H → L
2(Im θ)⊠Im θ H given by
∀a ∈ AΘ, ϕθ(a) :=
∑
[x]∈Îm θ
U[x] ⊗
∑
y∈[x]
aˆ(x)
 ,(5.1)
∀ξ ∈ H, Φθ(ξ) :=
∑
[x]∈Îm θ
U[x] ⊗
∑
y∈[x]
Pyξ
 ,(5.2)
together define an Im θ-equivalence
(ϕθ,Φθ) : (AΘ, H,D)
∼
→(
C∞(Im θ)Θnd ⊠Im θ A, L
2(Im θ)⊠Im θ H, 1⊗D|L2(Im θ)⊠Im θH
)
.
Proof. The isotypic subspaces of A and H with respect to the action of Im θ ≤ G
are given, for all [x] ∈ Îm θ = Ĝ/Ker θ, by
A[x] := {a ∈ A | ∀t ∈ Im θ, αt(a) = e(〈[x], t〉) a} = ⊕
fin
y∈[x]Ax,
H[x] := {ξ ∈ H | ∀t ∈ Im θ, Ut(ξ) = e(〈[x], t〉) ξ} = ⊕y∈[x]Hx,
respectively, so that (ϕθ,Φθ) is exactly the Connes–Dubois-Violette splitting homo-
morphism for the Connes–Landi deformation (AΘnd , H,D) of (A, H,D) qua Im θ-
equivariant spectral triple by Θnd. Therefore, it suffices to show that (AΘ, H,D) =
(AΘnd , H,D) as Im θ-equivariant spectral triples. However, for all a, b ∈ A,
a ⋆Θ b =
∑
x,y∈Ĝ
e(−Θ(x,y)) aˆ(x)bˆ(y)
=
∑
[x],[y]∈Îm θ
e(−Θnd([x], [y]))
∑
z∈[x]
aˆ(z)
 ∑
w∈[y]
aˆ(w)
 = a ⋆Θnd b,
which also shows, mutatis mutandis, that LΘ(a)ξ = LΘnd(a)ξ for all a ∈ A and ξ
in the dense subspace ⊕alg
x∈Ĝ
Hx ⊂ ⊕
alg
[x]∈ÎmΘ
H[x] of H . 
5.2. Rational θ-commutative spectral triples. At last, we turn to θ-commu-
tative spectral triples in the case where θ is rational in the following precise sense.
Definition 5.8. We call θ ∈ H2(Ĝ,T) rational if it has finite order.
Example 5.9. In the case that G = TN , we have that θ ∈ H2(ZN ,T) ∼= TN(N−1)/2
is rational if and only if θ ∈ (Q/Z)N(N−1)/2 ≤ TN(N−1)/2.
Now, if θ is rational of order q, then Im θ is contained in the q-torsion of
the compact Abelian Lie group H2(Ĝ,T), and as such is finite. Thus, by The-
orem 5.5, for any representative Θnd ∈ Z2(Îm θ,T) of θnd, the Fréchet pre-C∗-
algebra C∞(Im θ)Θnd is actually a finite-dimensional simple C
∗-algebra, and hence
is ∗-isomorphic to Mn(C) for some q; in fact, by the following theorem, n = q.
Theorem 5.10 (Olesen–Pedersen–Takesaki [35, Theorem 5.9]). Let K be a compact
Abelian Lie group, and let θ ∈ H2(K̂,T) be nondegenerate and rational of order
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q ∈ N. Tthere exist a finite group Γ of order q and an isomorphism κ : Γ× Γ̂
∼
→ K,
such that θ = [κˆ∗Ω], where Ω ∈ B(Γ̂× Γ) is defined by
∀(k1, x1), (k2, x2) ∈ Γ̂× Γ, Ω((k1, x1), (k2, x2)) := 〈k1, x2〉,
and where the pullback κˆ∗Ω ∈ B(K̂) of Ω is defined by
∀x, y ∈ K̂, κˆ∗Ω(x,y) := Ω(κˆ(x), κˆ(y)) = Ω(x ◦ κ,y ◦ κ).
In particular, for any representative Θ ∈ Z2(K̂,T) of θ, there exists an equivariant
isomorphism C∞(K)Θ
∼
→ C∞(Γ× Γ̂)Ω ∼=Mq(C).
Now, let θ ∈ H2(Ĝ,T) be rational of order q and let (A, H,D) be a θ-commutative
spectral triple; by Theorems 4.13 and 3.14, without loss of generality, we can take
(A, H,D) ∼= (C∞(X)Θ, L
2(X,E), D), whereX is a compact oriented RiemannianG-
manifold, where E → X is a G-equivariant Hermitian vector bundle, where D is an
essentially self-adjoint G-invariant Dirac-type operator on E, and where Θ ∈ B(Ĝ)
is the pullback of a bicharacter Θnd ∈ Îm θ representing the nondegenerate core of
θ. Then, by Theorems 5.7 and 5.10, we can write
(C∞(X)Θ, L
2(X,E), D)
∼=Im θ
(
Mq(C)⊠Im θ C
∞(X),Mq(C)⊠Im θ L
2(X,E), Id⊗D|Mq(C)⊠Im θL2(X,E)
)
∼=Im θ
(
C∞(X,Mq(C))
Im θ, L2(X,Mq(C)⊗ E)
Im θ, Id⊗D|L2(X,Mq(C)⊗E)Im θ
)
,
where we have identified the ∗-representation ΛΘnd : C
∞(Im θ)Θnd → B(L
2(Im θ))
defined by ΛΘnd(f)g := f ⋆Θnd g for all f ∈ C
∞(Im θ) and g ∈ L2(Im θ) = C∞(Im θ),
with left matrix multiplication of Mq(C) on Mq(C) endowed with the Frobenius
inner product.
Suppose, moreover, that Im θ ≤ G acts freely and properly on X , so that X ։
B := X/ Im θ defines a compact oriented Riemannian principal Im θ-bundle. Then,
(C∞(X)Θ, L
2(X,E), D) ∼=Im θ (C
∞(B,A), L2(B,A⊗ EB), (DB)A),
where A := X×Im θMq(C), where EB := E/ Im θ, and where (DB)A is the twisting
by the trivial flat connection on A of the restriction DB of D to EB, to an essen-
tially self-adjoint Im θ-invariant Dirac-type operator on A ⊗ EB. In other words,
(C∞(X)Θ, L
2(X,E), D) is almost-commutative in the more general, topologically
non-trivial sense first proposed by the author [9, 10] and studied by Boeijink and
Van Suijlekom [6] and by Boeijink and Van den Dungen [5]. Let us recall the
relevant definitions.
Definition 5.11. Let X be a compact oriented Riemannian manifold. A self-
adjoint Clifford module on X is a Hermitian vector bundle E → X together with a
bundle morphism c : T ∗X → End(E), the Clifford action, satisfying
∀ω1, ω2 ∈ C
∞(X,T ∗X), c(ω1)c(ω2) + c(ω2)c(ω1) = −2g(ω1, ω2) IdE ,
∀ω ∈ C∞(X,T ∗X), ∀ξ1, ξ2 ∈ C
∞(X,E), (c(ω)ξ1, ξ2) + (ξ1, c(ω)ξ2) = 0.
If E → X is a self-adjoint Clifford module, then we call an essentially self-adjoint
Dirac-type operator D on E compatible if [D, f ] = c(df) for all f ∈ C∞(X).
Definition 5.12 (cf. [10, Definition 1.16]). Let X be a compact oriented Riemann-
ian manifold. We define an algebra bundle on X to be a locally trivial bundle of
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finite-dimensional C∗-algebras on X . If A→ X is an algebra bundle, we define an
A-module to be a Hermitian vector bundle E → X together with a monomorphism
L : A → End(E) of locally trivial bundles of finite-dimensional C∗-algebras on X ;
in particular, we define a Clifford A-module to be a self-adjoint Clifford module
E → X together with a monomorphism L : A→ End(E) of locally trivial bundles
of finite-dimensional C∗-algebras on X , such that
∀a ∈ C∞(X,A), ∀ω ∈ C∞(X,T ∗X), [L(a), c(ω)] = 0.
Definition 5.13 (Ć. [9, Definition 2.3], cf. Boeijink–Van Suijlekom [6], Boeijink—
Van den Dungen [5]). A (concrete) almost-commutative spectral triple is a spectral
triple of the form (C∞(X,A), L2(X,E), D), where X is a compact oriented Rie-
mannian manifold, called the base, A → X is an algebra bundle, E → X is a
Clifford A-module, and D is a compatible Dirac-type operator on E.
We can now summarise our discussion of rational θ-commutative spectral triples.
Theorem 5.14. Let X be a compact oriented Riemannian G-manifold, let E →
X be a G-equivariant Hermitian vector bundle, and let D be an essentially self-
adjoint G-invariant Dirac-type operator on E. Let Θ ∈ Z2(Ĝ,T) be such that
[Θ] is rational of order q ∈ N, and suppose that Im[Θ] ≤ G acts properly on X;
hence, let B := X/ Im[Θ], let EB := E/ Im[Θ], and let DB denote the restriction
of D to an essentially self-adjoint G-invariant Dirac-type operator on EB. Let
Θnd ∈ Z
2(Îm[Θ],T) be a representative for the nondegenerate core of [Θ]; hence,
let A := X ×Im[Θ] Mq(C) for Mq(C) ∼= C
∞(Im[Θ])Θnd qua finite-dimensional C
∗-
algebra, so that A defines an A-module when endowed with the Hermitian metric
∀a1, a2 ∈ C
∞(B,A) ∼= C∞(X,Mq(C))
Im[Θ], (a1, a2) := Tr(a
∗
1a2),
and the monomorphism L : A→ End(A) of algebra bundles defined by
∀a1, a2 ∈ C
∞(B,A), L(a1)a2 := a1a2,
Finally, let (DB)A be the twisting of D
B by the trivial connection on A to a compat-
ible G-invariant Dirac-type operator on A⊗EB. There exists an Im[Θ]-equivalence
(C∞(X)Θ, L
2(X,E), D) ∼=Im[Θ] (C
∞(B,A), L2(B,A⊗ EB), (DB)A);
in particular, (C∞(X)Θ, L
2(X,E), D) is almost-commutative with base B.
In fact, by the work of Boeijink and Van den Dungen [5, §3.3], we can interpet this
result as giving a factorisation in unbounded KK-theory of rational θ-commutative
spectral triples satisfying the hypothesis of Theorem 5.14 on the action of Im θ.
Corollary 5.15 (cf. Boeijink–Van den Dungen [5, Corollary 3.9]). Under the hy-
potheses of Theorem 5.14, (C∞(X)Θ, L
2(X,E), D) qua unbounded K-cycle for the
C∗-completion C(X)Θ of C
∞(X)Θ, factors as an internal Kasparov product
(L2(X,E), D) ∼= (C(B,A), 0, d) ⊗C(B) (L
2(B,EB), DB);
In particular, the data (C(B,A), 0, d) define a morphism (C(X)Θ, L
2(X,E), D)→
(C(B), L2(B,EB), DB) in Mesland’s KK-theoretic category of spectral triples [32].
Remark 5.16. Still more is true if H3(B,Z) has no q-torsion, for then, the Dixmier–
Douady class of the finite rank Azumaya bundle Mq(C) → A → B necessarily
vanishes, and hence A = End(F ) = F ⊗ F ∗ for some Hermitian vector bundle
F → B, so that (C∞(X)Θ, L2(X,E), D), with respect to its C∞(X)Θ-bimodule
structure, is Morita equivalent to (C∞(B), L2(B,EB), DB).
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Moreover, by existing results concerning the spectral action on finite normal
Riemannian coverings [12, §3], Theorem 5.14 even has implications for the spectral
action on rational θ-commutative spectral triples.
Corollary 5.17 (cf. Ć.–Marcolli–Teh [12, Theorem 3.6]). Let the θ-commutative
spectral triple (C∞(X)Θ, L
2(X,E), D) satisfy the hypotheses of Theorem 5.14. Let
f := L[ϕ]◦ (x 7→ x2) : R→ C for L[ϕ] the Laplace transform of a rapidly decreasing
function ϕ : [0,∞)→ C. For all A = A∗ ∈ EndC∞(X)opΘ (C
∞(X,E)),
Tr f
(
1
Λ
(D + A)
)
=
1
q2
Tr f
(
1
Λ
(Id⊗D +ΦθAΦ
∗
θ)
)
+O(Λ−∞), 0 < Λ→ +∞
Remark 5.18. In particular, this implies that (C∞(X)Θ, L2(X,E), D), endowed
with a suitably deformed G-invariant real structure and the (asymptotic) spectral
action, can be interpreted as defining a topologically non-trivial Yang–Mills theory
with gauge group PSU(q) in the sense of Boeijink and Van Suijlekom [6].
Let us conclude by applying Theorem 5.14 to the canonical example of the ra-
tional noncommutative 2-torus.
Example 5.19 (Høegh-Krohn–Skjelbred [23], cf. Rieffel [39]). Let θ ∈ H2(Z2,T) ∼=
T be rational of order q ∈ N, so that θ = exp(p/q) for p ∈ Z coprime with q. Since
ι(θ)(x,y) = θ(x1y2 − x2y1) for all x, y ∈ Z2, it follows that
Im θ = (q−1Z2)/Z2 ∼= Zq × Zq, Ker θ = qZ
2, Îm θ = Z2/qZ2 ∼= Zq × Zq.
One can then check that the representative Θ ∈ B(Z2) of θ defined by Θ(x,y) :=
θx1y2 for all x, y ∈ Z2 descends to a representative Θnd ∈ B(Îm θ) of the nondegen-
erate core of θ, and that the isomorphism C∞(Im θ)Θnd
∼
→Mq(C) of Theorem 5.10
is given by U[(1,0)] 7→ Uq, U[(0,1)] 7→ Vq, where the unitaries Uq, Vq ∈Mq(C) act on
the standard ordered basis {ek}
q−1
k=0 of C
q by
∀0 ≤ k ≤ q − 1, Uqek := e
2piikθek, Vqek := ek−1 mod q;
in particular, the translation action of Im θ on C∞(Im θ)Θnd translates to the fol-
lowing action of Zq × Zq on Mq(C):
∀x, y ∈ Z2, ([x1], [x2]) · U
y1
q V
y2
q := e
2piiθ(x1y2−x2y1)Uy1q V
y2
q .
Since Im θ ≤ T2 acts freely and properly on T2 by translation, and since T2/ Im θ ∼=
T2, it follows that C∞(T2)Θ ∼= C∞(T2, Aθ), where Aθ := T2 ×Zq×Zq Mq(C); in
fact, since H3(T2,Z) = 0, it follows that Aθ ∼= End(Fθ) for some Hermitian vector
bundle Fθ → T2, which can also be constructed explicitly.
Acknowledgments
The author would like to thank Matilde Marcolli, his thesis advisor at the Max
Planck Institute for Mathematics and at the California Institute of Technology,
and Guoliang Yu, his postdoctoral mentor at Texas A&M University, for their help,
guidance, and support, and Jan Jitse Venselaar for numerous helpful conversations.
The author would also like to thank Masoud Khalkhali, Andrzej Sitarz, Zhizhang
Xie, and Makoto Yamashita for helpful conversations and correspondence. The
author gratefully acknowledges the financial and administrative support of the De-
partments of Mathematics at the California Institute of Technology and at Texas
A&M University and the hospitality of the Fields Institute and of the Departments
38 BRANIMIR ĆAĆIĆ
of Mathematics at the California Institute of Technology and the University of
Western Ontario. Moreover, the author gratefully acknowledges the support of an
AMS–Simons Travel Grant as well as earlier travel support from NSF grant DMS
1266158 in the context of the Focus Program on Noncommutative Geometry and
Quantum Groups in honour of Marc A. Rieffel.
References
[1] B. Abadie and R. Exel, Deformation quantization via Fell bundles, Math. Scand. 89 (2001),
no. 1, 135–160.
[2] S. Albeverio and R. Høegh-Krohn, Ergodic actions by compact groups on C∗-algebras, Math.
Z. 174 (1980), no. 1, 1–17.
[3] L. Baggett and A. Kleppner, Multiplier representations of Abelian groups, J. Funct. Anal. 14
(1973), 299–324.
[4] B. Blackadar, K-theory for operator algebras, 2nd ed., Mathematical Sciences Research Insti-
tute Publications, vol. 5, Cambridge University Press, Cambridge, 1998.
[5] J. Boeijink and K. van den Dungen, On globally non-trivial almost-commutative manifolds,
J. Math. Phys. 55 (2014), no. 10, 103508.
[6] J. Boeijink and W. D. van Suijlekom, The noncommutative geometry of Yang-Mills fields, J.
Geom. Phys. 61 (2011), no. 6, 1124–1134.
[7] S. Brain, G. Landi, and W. D. van Suijlekom, Instantons on toric noncommutative manifolds,
Adv. Theor. Math. Phys. 17 (2013), no. 5, 1129–1193.
[8] T. Bröcker and T. tom Dieck, Representations of compact Lie groups, Graduate Texts in
Mathematics, vol. 98, Springer-Verlag, New York, 1985.
[9] B. Ćaćić, A reconstruction theorem for almost-commutative spectral triples, Lett. Math. Phys.
100 (2012), no. 2, 181–202, available at arXiv:1101.5908v4[math-ph] .
[10] , Real structures on almost-commutative spectral triples, Lett. Math. Phys. 103 (2013),
no. 7, 793–816.
[11] , On reconstruction theorems in noncommutative Riemannian geometry, Ph.D. dis-
sertation, California Institute of Technology, 2013.
[12] B. Ćaćić, M. Marcolli, and K. Teh, Coupling of gravity to matter, spectral action and cosmic
topology, J. Noncommut. Geom. 8, no. 2, 473–504.
[13] A. Connes, Gravity coupled with matter and the foundation of non-commutative geometry,
Comm. Math. Phys. 182 (1996), no. 1, 155–176.
[14] , On the spectral characterization of manifolds, J. Noncommut. Geom. 7 (2013), no. 1,
1–82.
[15] A. Connes and M. Dubois-Violette, Noncommutative finite-dimensional manifolds. I. Spher-
ical manifolds and related examples, Comm. Math. Phys. 230 (2002), no. 3, 539–579.
[16] A. Connes and G. Landi, Noncommutative manifolds, the instanton algebra and isospectral
deformations, Comm. Math. Phys. 221 (2001), no. 1, 141–159.
[17] L. Dąbrowski, Spinors and theta deformations, Russ. J. Math. Phys. 16 (2009), no. 3, 404–
408.
[18] G. A. Elliott and H. Li, Morita equivalence of smooth noncommutative tori, Acta Math. 199
(2007), no. 1, 1–27.
[19] R. Exel, Amenability for Fell bundles, J. Reine Angew. Math. 492 (1997), 41–73.
[20] J. M. G. Fell and R. S. Doran, Representations of ∗-algebras, locally compact groups, and
Banach ∗-algebraic bundles. Vol. 2, Pure and Applied Mathematics, vol. 126, Academic Press,
Inc., Boston, MA, 1988. Banach ∗-algebraic bundles, induced representations, and the gener-
alized Mackey analysis.
[21] O. Gabriel and M. Grensing, Ergodic actions and spectral triples, available at
arXiv:1302.0426[math.OA] .
[22] J. M. Gracia-Bondía, J. C. Várilly, and H. Figueroa, Elements of noncommutative geometry,
Birkhäuser Advanced Texts: Basler Lehrbücher, Birkhäuser Boston Inc., Boston, MA, 2001.
[23] R. Høegh-Krohn and T. Skjelbred, Classification of C∗-algebras admitting ergodic actions of
the two-dimensional torus, J. Reine Angew. Math. 328 (1981), 1–8.
[24] N. J. S. Hughes, The use of bilinear mappings in the classification of groups of class 2, Proc.
Amer. Math. Soc. 2 (1951), 742–747.
CONNES–LANDI DEFORMATIONS 39
[25] P. Jolissaint, Rapidly decreasing functions in reduced C∗-algebras of groups, Trans. Amer.
Math. Soc. 317 (1990), no. 1, 167–196.
[26] P. Julg, K-théorie équivariante et produits croisés, C. R. Acad. Sci. Paris Sér. I Math. 292
(1981), no. 13, 629–632.
[27] A. Kleppner, Multipliers on Abelian groups, Math. Ann. 158 (1965), 11–34.
[28] G. Landi and W. van Suijlekom, Principal fibrations from noncommutative spheres, Comm.
Math. Phys. 260 (2005), no. 1, 203–225.
[29] G. Landi and W. D. van Suijlekom, Noncommutative bundles and instantons in Tehran, An
invitation to noncommutative geometry, World Sci. Publ., Hackensack, NJ, 2008, pp. 275–
353.
[30] S. Lord, A. Rennie, and J. C. Várilly, Riemannian manifolds in noncommutative geometry,
J. Geom. Phys. 62 (2012), no. 7, 1611–1638.
[31] V. Mathai, Heat kernels and the range of the trace on completions of twisted group algebras,
with an appendix by I. Chatterji, The ubiquitous heat kernel, Contemp. Math., vol. 398,
Amer. Math. Soc., Providence, RI, 2006, pp. 321–345.
[32] B. Mesland, Unbounded bivariant K-theory and correspondences in noncommutative geome-
try, J. Reine Angew. Math. 691 (2014), 101–172.
[33] P. Milnes and S. Walters, C∗-algebras characterized by ergodic actions of the n-torus, Bull.
London Math. Soc. 32 (2000), no. 4, 465-470.
[34] J. Mrčun, On isomorphisms of algebras of smooth functions, Proc. Amer. Math. Soc. 133
(2005), 3109–3113.
[35] D. Olesen, G. K. Pedersen, and M. Takesaki, Ergodic actions of compact Abelian groups, J.
Operator Theory 3 (1980), no. 2, 237–269.
[36] N. C. Phillips, Equivariant K-theory and freeness of group actions on C∗-algebras, Lecture
Notes in Mathematics, vol. 1274, Springer-Verlag, Berlin, 1987.
[37] A. Rennie, Smoothness and locality for nonunital spectral triples, K-Theory 28 (2003), no. 2,
127–165.
[38] A. Rennie and J. C. Várilly, Reconstruction of manifolds in noncommutative geometry (2006),
available at arXiv:math/0610418[math.OA] .
[39] M. A. Rieffel, The cancellation theorem for projective modules over irrational rotation C∗-
algebras, Proc. London Math. Soc. (3) 47 (1983), no. 2, 285–302.
[40] , Deformation quantization for actions of Rd, Mem. Amer. Math. Soc. 106 (1993),
no. 506.
[41] , Metrics on states from actions of compact groups, Doc. Math. 3 (1998), 215–229
(electronic).
[42] M. A. Rieffel and A. Schwarz, Morita equivalence of multidimensional noncommutative tori,
Internat. J. Math. 10 (1999), no. 2, 289–299.
[43] G. Segal, Equivariant K-theory, Inst. Hautes Études Sci. Publ. Math. 34 (1968), 129–151.
[44] A. Sitarz, Rieffel’s deformation quantization and isospectral deformations, Internat. J. The-
oret. Phys. 40 (2001), no. 10, 1693–1696.
[45] J. Slawny, On factor representations and the C∗-algebra of canonical commutation relations,
Comm. Math. Phys. 24 (1972), 151–170.
[46] W. D. van Suijlekom, The geometry of noncommutative spheres and their symmetries, Ph.D.
dissertation, Scuola Internazionale Superiore di Studi Avanzati, 2005.
[47] J. C. Várilly, Quantum symmetry groups of noncommutative spheres, Comm. Math. Phys.
221 (2001), no. 3, 511–523.
[48] J. J. Venselaar, Classification of spin structures on the noncommutative n-torus, J. Noncom-
mut. Geom. 7 (2013), no. 3, 787–816.
[49] M. Yamashita, Connes–Landi deformation of spectral triples, Lett. Math. Phys. 94 (2010),
no. 3, 263–291.
Department of Mathematics, Texas A&M University, College Station, TX 77843-
3368
E-mail address: branimir@math.tamu.edu
